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FUNDAMENTALS OF p-ADIC MULTIPLE L-EUNCTIONS AND EVALUATION 

OF THEIR SPECIAL VALUES 

HIDEKAZU FURUSHO, YASUSHI KOMORI, KOHJI MATSUMOTO, AND HIROFUMI TSUMURA 


Abstract. We construct p-adic multiple L-functions in several variables, which are generalizations 
of the classical Kubota-Leopoldt p-adic L-functions, by using a specific p-adic measure. Our con¬ 
struction is from the p-adic analytic side of view, and we establish various fundamental properties 
of these functions: 

(a) Evaluation at non-positive integers: We establish their intimate connection with the complex 
multiple zeta-functions by showing that the special values of the p-adic multiple L-functions at non¬ 
positive integers are expressed by the twisted multiple Bernoulli numbers, which are the special 
values of the complex multiple zeta-functions at non-positive integers. 

(b) Multiple Kummer congruences: We extend Kummer congruences for Bernoulli numbers to con¬ 
gruences for the twisted multiple Bernoulli numbers. 

(c) Functional relations with a parity condition: We extend the vanishing property of the Kubota- 
Leopoldt p-adic L-functions with odd characters to our p-adic multiple L-functions. 

(d) Evaluation at positive integers: We establish their close relationship with the p-adic twisted 
multiple star polylogarithms by showing that the special values of the p-adic multiple L-functions at 
positive integers are described by those of the p-adic twisted multiple star polylogarithms at roots 
of unity, which generalizes the result of Coleman in the single variable case. 


0. Introduction 

Let N, No, Z, Q, R and C be the set of natural numbers, non-negative integers, rational integers, 
rational numbers, real numbers and complex numbers, respectively. For s S C, denote by and 3s 
the real and the imaginary parts of s, respectively. 

The aim of the present paper is to introduce p-adic multiple L-functions, multiple analogues of 
Kubota-Leopoldt p-adic L-functions, and show basic properties, particularly their special values at 
both positive and non-positive integer points. The construction of these functions is motivated by 
the technique of desingularization of complex multiple zeta functions and a certain evaluation method 
of their special values at non-positive integer points, which were introduced and developed in our 
previous paper m- 

In Definition 11.161 we construct the multivariable p-adic multiple L-function, 

Lp^r{si,..., Sr',uj ^,...,w ; yi,..., yr; c). (0-1) 

It is a p-adic valued function in p-adic variables si,... ,Sr, which is associated with each ,..., 

(w: the Teichmiiller character, fc,,..., G 2), 7i, ■ • ■, 7r G and c € N>i with (c,p) = 1. It can be 
seen as a multiple analogue of the Kubota-Leopoldt p-adic L-functions (cf. [131 US]) and the p-adic 
double L-functions (introduced in |18]1. as well as a p-adic analogue of the complex multivariable 
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multiple zeta-function 

OO oo r 

Cr-((si);(Cj);(7j)) := ■■■ + + 

mi — 1 mr = i-j—1 

It is known that (r.((/cj); (1); (1)) for kj £ N (1 ^ j ^ r) and ^ 2 is called the multiple zeta value 
(henceforth MZV). It can be constructed by a multiple analogue of the p-adic F-transform of a p-adic 
measure (see Koblitz [16)1. Another type of p-adic multiple zeta-functions, which are p-adic versions 
of Barnes multiple zeta-functions, was studied by Kashio [Si- 

Evaluation of (EH) at integral points is one of the main themes of this paper. We obtain special 
values of EH at non-positive integers as follows: 

Theorem 12.11 (Evaluation at non-positive integers). For ni,... ,nr € No, 


ip.r(-ni,...,-nr;a;”S...,w”'-;7i,...,7r;c) = X! ''' X! ("IjO) 






pf =1 pf =1 5i = i 

1 d Ciyil 


«^ = 1 




Here, *B((nj); {^j); ( 7 j))’s are the twisted multiple Bernoulli numbers (Definition [TH , which were 
shown to be the special values of complex multivariable multiple zeta-functions EH at non-positive 
integers in m- The above equality might be regarded as a p-adic and multiple analogue of the 
well-known equality C(~^) = — of the Riemann zeta function ('(s). 

On the other hand, we get the following special values at positive integers: 

Theorem 13.411 (Evaluation at positive integers). For ni,... ,nr £ N, 


Lp j- (rzi , . . . , Tlj- 5 Cl: ^ ,. . ., cc 


) • ■ •) ^ , 




?l/l «r#l 


r-t-1 


ni.ftyc, 


+ T. N-i: N-i:«!;>:*.,-.(( 

«r#l 

Here, each term on the right-hand side is a special value of a p-adic TMSPL§Lii^j^/,*_„^(^i , ... 
at z = 1 with some £ pc) which will be constructed in Subsection 13.31 by Coleman’s p-adic 
integration theory [7]. It is a p-adic analogue of the complex twisted multiple star polylogarithm 




... ffe: 
2 -^ ^"-1 ... u 


SI Sr ^kr 


Here ’star’ means that we add equalities in the running indices of the summation of the complex 
twisted multiple polylogarithm 

/C-1 * * * Apr* 

0<fei ^ 

which is a twisted version of multiple polylogarithm (I, • • • , 1; z). The star version of complex 

multiple poly logarithm was already considered by Ohno-Zudilin m and Ulanskii but the multiple 
star polylogarithm in the p-adic framework seems to be first introduced in the present paper. The 


^ In this paper, TMSPL stands for the twisted multiple star polylogarithm. 
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equality in Theorem 13.411 can be seen as a p-adic and multiple analogue of the equality C(n) = 
Lz„(l) with the poly logarithm Lin{z) = In the special case r = 1, Coleman’s equation 

Lp(n; = (1 — ■^)Lin'^'* {1) can be recovered fExample l3.42l) . In order to prove Theorem l3.411 we 

introduce the notion of a p-adic rigid TMSPLs ■ ■ ■ ,ir', z) and of a p-adic partial TMSPLs 

(^1 > ■ ■ ■ T^r]z) (Definition 13.41 and 13.161 respectively') as intermediary functions. 

Up until now, we were not aware of any relationship between p-adic multiple polylogarithms given 
by the first-named author (see [5]) and multiple analogues of p-adic L-functions given by the second-, 
the third- and the fourth-named authors (see [THl Remark 4.4]). Despite having been investigated for 
totally different reasons, the above theorems indicate a close connection at their special values. 

The following multiple Rummer congruences and functional relations are byproducts of our evalu¬ 
ations: 

Theorem 12.101 (Multiple Kummer congruences). For mi ,..., m^, ni,... ,nr S Nq such that 
mj = rij mod (p — l)p^^'“^, and Ij G N (1 < j ^ r), 


X! ■■■ X! 


+ E E ■■■ E 

d—1 ^ —1 pf =1 ^1 = 1 = i j^ii 

1 d ^iT^l €r7^1 

^^•••^S((n,);(e,);(7,)) 

«f=i «^=i 

515^1 «r7^1 

+E(-;)'’ E EE E-"E®((">);((np..)'"fi);(7,)) 

d—1 ^ ^ l^ii<-"<id^'r pV —I pP —I = i = i j^ii 

(mod . 

The above congruence includes an ordinary Kummer congruence for Bernoulli numbers as a very 
special case, as well as a possibly new type of congruence for Bernoulli number such as double and 
triple Kummer congruences (Example 12.131 and l2.14|) . 

Theorem l2.15l (Functional relations). Forr G N>i, let fci,.. ., G Z such that ki + - ■ ■ + kr ^ r 
(mod 2 ), 7i G Zp, 72,.. •, 7 r G pZp and c G Zp . Then for any si,... ,Sr G Zp, 


Lp,r{si, . . . , Sr', UJ J 7l j 72 j ■ ■ ■ i 7?’ ! *-) 

1 — CN’’-|"^I 


E (^) 


le J 


XU,|7|(( E “) 


The functional relations are linear relations among p-adic multiple L-functions, which reduce m 
as a linear sum of (EH) with lower r. An important feature is that the relations are valid under 
a parity condition of A:i A:,.. It extends the known fact in the single variable case that any 

Kubota-Leopoldt p-adic L-function with odd character is identically zero. In the double variable case, 
we recover the result of m that a certain p-adic double L-function is equal to a Kubota-Leopoldt 
p-adic L-function up to a minor factor. 
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1. p-ADIC MULTIPLE L-FUNCTIONS 

In this section, we will construct certain p-adic multiple L-functions (Definition 11.161) which can 
be regarded as multiple analogues of Kubota-Leopoldt p-adic L-functions, as well as p-adic analogues 
of complex multiple L- (zeta-)functions. We then investigate some of their p-adic properties; in 
particular, we shall prove p-adic analyticity with respect to certain variables, in Theorem 11.211 and 
p-adic continuity with respect to other variables, in Theorem 11.241 


1.1. Kubota-Leopoldt p-adic L-functions. Here, we first review the fundamentals of Kubota- 
Leopoldt p-adic L-functions. 

For a prime number p, let Zp, Qp, Qp, Cp, Ocp and OUcp be respectively the set of p-adic integers, 
p-adic numbers, the algebraic closure of Qp, the p-adic completion of Qp, the ring of integers of Cp, 
and the maximal ideal of Ocp- Fixing embeddings Q C, Q ^ Cp, we identify Q simultaneously 
with a subset of C and Cp. Denote by | • |p the p-adic absolute value, and by pc the group of cth roots 
of unity in Cp for c S N. Let P^(Cp) = Cp U {oo} with |oo|p = c». 

Let Zp be the unit group in Zp, and define 


W := 


{± 1 } 

{eeZp" = 1} 


q := 


(if p = 2) 
(if p > 3). 


(if p = 2) 
(if p ^ 3), 


It is well-known that W forms a set of complete representatives of (Zp/gZp)^, and 


( 1 . 1 ) 


^p — IF X (1 -|- qWjp), 

where we denote this correspondence by a; = a;(a;) • {x) for x £ (see [TH Sections]). Noting 
uj{m) = m (mod gZp) for {m,q) = 1, we see that 

w : {ZjqZY -t W (1.2) 


is a primitive Dirichlet character of conductor q, which is called the Teichmuller character. 
We recall Koblitz’ definition of the twisted Bernoulli numbers. 


Definition 1.1 ([121 P-456]). For any root of unity the twisted Bernoulli numbers {f8ra(^)} 
are defined by 

1 j.n 

««) = rvT? = C 

^ n— — l 

where we formally let (—1)! = 1. 

Remark 1.2. Koblitz m, in fact, defined the more general twisted Bernoulli numbers Bn.x,^ {n £ Nq), 
associated with a primitive Dirichlet character y of conductor / by 

£/e/*-l - 
a=0 ^ n=0 

Note that Bn,x = generalized Bernoulli number (see HSJ Chapter 4]). The above f8„(^) 

corresponds to Bn^xo,i trivial character xo- 










p-ADIC MULTIPLE L-FUNCTIONS 


5 


In the case ^ = 1, we have 


S_i(l) = -1, *B„(1) = - 




n+1 


n +1 


(n G No). 


We obtain from (O that G Q(C). For example 

1 


»o(C) = 


1 -r 




( 1 - 0 ^ 


( 1-0 


3 ’ 


00 + 4 ^ + 1 ) 00 + 110 + 11 ^ + 1 ) 

( 1 - 0 ^ ’ ^ 
Let fik be the group of fcth roots of unity. Using the relation 


1 


k 1 


X - 1 - I ^ 1-ex 


(fceN>i) 


(1.4) 


(1.5) 


( 1 . 6 ) 


for an indeterminate X, we obtain the following: 
Proposition 1.3. Let c G N>i. For n G No, 

B. 




(1.7) 




Let us consider the following multiple analogues of twisted Bernoulli numbers (see my- 
Definition 1.4. Let r G N, 71 ,..., 7 ^. G C, and let 0; ■ • ■; 0 € \ {1} be roots of unity. Set 

r r r ^ 

iir-((t0;(0);(7j)) := = If- ? -;-v O-S) 

j=l k=j j=l 1 — 0 'Ylik=j j 

and define the twisted multiple Bernoulli numbers {*8(ni,... ,nr] (^j); ( 7 ^))} by 

j.ni j.nr 

i5r((i0; (0); (7i)) = 51 ■■■ 51 *®(^i>---i^+(0);(70)^—(i-9) 

Till 77-7-1 

n\—\i Ur—O 

In the case r = 1, we have lB„(^i) = lB(n;^i; 1). Note that ^r{{tj); (^j); ( 7 ^)) is holomorphic around 
the origin with respect to the parameters U,... ,U, and hence, the singular part does not appear on 
the right-hand side of KLU). 

We immediately obtain the following from (foi) . (fra and (fra : 

Proposition 1.5. Let 71 ,..., 7 ^ G C and ^ 1 ,..., G C^\{1} be roots of unity. Then^{ni, ..., n,.; (^j); ( 7 ^)) 
can be expressed as a polynomial in {f8„(^j) 1 1 ^ j ^ r, n ^ 0 } and { 71 ,... , 7 ^} with Q-coefficients, 
hence, a rational function in and { 7 ^} with Q-coefficients. 

Example 1.6. Substituting (11.31) into dEHl) for the case r = 2 and (j = 1 , 2 ), we have 

1 1 


-^2(tl,t2;^l,C2;7u72) = 

/ 00 

= E 


\m —0 


1 - .^1 exp (71 (ti + t 2 )) 1-6 exp ( 72 t 2 ) 

ir{ti+t2Y_' 

J \n=0 


777! 


55®»(6) 


7£1 

n! 


= EE®-(^i )®"(^2 


m —0 n —0 


/ 

E 

\ k+j = m 


fcJ 


tn- 


1 ^2 


4.71 

,, 771^,71 ^2 


k\j\ 


Tn'i9'2-y 
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Putting I := n + j, we have 


OO OO 


k=0 1=0 j=0 


j.k A 

m1\'- 


which gives 


»(fc,^;Ci,6;7i,72) = E (kj e No). (1.10) 


j=0 

Definition 1.7. For c G M and ji,... ,jr G C with 5ft7j > 0 (1 ^ j ^ r), define 

■^r((tj);(7j);c) = n 
1=1 



( 1 . 11 ) 


In particular, when c G N>i, by use of (HU), we have 

r 

^r((fj);( 7 i);c) = n XI 


=1 Sf=i 1 - exp (71 J2k=j tk) 

= X ■■■ X 


( 1 . 12 ) 


£f = l £= = 1 

eiTil Sr-yil 


Now we recall the Kubota-Leopoldt p-adic L-functions which are defined by use of certain p-adic 
integrals with respect to the p-adic measure (for the details, see [T71 Chapter 2], [TB], [HJ Chapter 
5]). Following Koblitz [T71 Chapter 2], we consider the p-adic measure on Zp for z € P^(Cp) with 
\z - l|p ^ 1 by 


mz {j + P^Zp) := 


GOc, (0<j^p^-l). 


-1). 

(1.13) 

G Cp 

(1.14) 


1 - zP 

Corresponding to this measure, we can define the p-adic integral 

r 

/ f{x)dmz{x) := lim ^ f{a)mz [a + p^Zp) gC 
N-^oo 

for any continuous function / : Zp —1 Cp. The p-adic integral over a compact open subset U of Zp is 
defined by 

J f{x)dmz{x) := J f{x)xu{x)dmz{x) G Cp 

where Xu{x) is the characteristic function of U. 

For an arbitrary t G Cp with |f|p < p~^^^P~^\ we see that e*“ is a continuous function in a; G Zp. 
We obtain the following proposition by regarding as the Maclaurin expansion of in Cp 

and using Koblitz’ results m Chapter 2, Equations (1.4), (2.4) and (2.5)]: 


Proposition 1.8. For any primitive root of unity ^ G Cp \ {1} of order prime to p, 

^{t:0=[ e*^dm^{x) GCp[[f]], 

J Zp 

and so 

f x^dm^{x) = (n G No). 

J Zn 


(1.15) 

(1.16) 








p-ADIC MULTIPLE L-FUNCTIONS 


7 


For any c € N>i with {c,p) = 1, we consider 


m, 


{j+p^Zp):= m^{j+p^Zp) 


(1.17) 


SeCp\{i} 

{<==1 


which is a p-adic measure on Zp introduced by Mazur [171 Chapter 2]. Considering the Galois action 
of Gal(Qp/Qp), we see that fEc is a Qp-valued measure, and hence, a Zp-valued measure. 

Note that 

^P3 


— = nxc {j +P^ ^Zp) 


mc{pj+P^Zp)= Y 

Cecp\{i} ^ ^ 

^<^=1 

= y _^ 


because (c,p) = 1. From (II.7|) and (I1.16|l . we have the following. 

Lemma 1.9 (cf. [ITl Ghapter 2, (2.6)]). For any c € N>i with (c,p) = 1, 


and 


f x^dmcix) = (c"+i - 1) Ci-n) = (1 - c"+i) 

JZp 

/ 1 dtnc(a;) = 

t/ 'Ki-rt 


+ 1-^ Bnj^i 

n + 1 


(n G N), 




(1.18) 


(1.19) 

( 1 . 20 ) 


Note that c is odd when p = 2. 

Now we recall the definition of Kubota-Leopoldt p-adic L-functions as follows: 
Definition 1.10 ([T71 Chapter 2, (4.5)]). For k €Z and c G N>i with (c,p) = 1, 


Lpis;uj^) := 


- [ (x) ^(a:)dmc(x) 

1 


(c)i ®a;'=(c) - 

for s G Cp with |s|p < qp~^/^^~^\ which is a Cp-valued function. 


Remark 1.11. We note that (x) ® can be defined as an Ocp-valued rigid-analytic function (cf. Notation 
13.11 below) in s G Cp with |s|p < (see HSJ p. 54]). 

Proposition 1.12 ([T71 Chapter 2, Theorem], [^ Theorem 5.11 and Corollary 12.5]). For k G Z, 
Lp{s]ijj^) is rigid-analytic in the sense of Notation \S.l\ below (except for a pole at s = 1 when k = 0 
mod p — 1), and satisfies 

Lp(l-m;a;'=) = (l - a;'=-'"(p)p’"-i) L (l - m, 0;'="’") 

= - (1 - uj'^-^ip)p'^y (mGN). (1.21) 

m 

We know that = 0 (m G N) when k is odd. Hence we obtain the following. 

Proposition 1.13 ( [251 p.57, Remark]). When k is any odd integer, Lp{s;uj^) is the zero-function. 

Remark 1.14. The above fact will be generalized to the multiple case as functional relations among 
the p-adic multiple L-functions defined in the following section (see Theorem l2.15l and Example l2.19l) . 
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1.2. Construction and properties of p-adic multiple L-functions. As a double analogue of 
Lp(s;tLi^), the second-, the third- and the fourth-named authors defined a certain p-adic double L- 
function associated with the Teichmiiller character for any odd prime p in |18] . In this section, we will 


slightly generalize this by introducing ap-adic multiple L-function Lp^r{si, ..., s,-; , • ■ •, 71, ..., 7^.; c) 

fDefinition ll.l 6 |) and establishing its p-adic rigid analyticity with respect to the parameters si,..., 

1 Theorem 1 1.2 111 , and its p-adic continuity with respect to the parameter c lTheorem ll.2411 . which yields 


a non-trivial p-adic property of its special values ('Corollary I l.lIOj) . At the end of this subsection, we 


discuss the construction of a p-adic analogue of the entire zeta-function ..., 71 ,..., 7r) 

constructed in m- 

Let r e N and 71 ,..., 7 ,. e Zp. Let .. ,^r S Cp be roots of unity other than 1 whose orders are 
prime to p. 

By combining (11.151) and (11.81) . we then have 



Hence, as a multiple analogue of Proposition 11.81 we have the following: 

Proposition 1.15. For ni,... ,nr G No, 71 , ... , 7 ^ G Zp and roots ^ 1 , ... G Cp \ {1} of unity 
whose orders are prime to p, 



( 1 . 22 ) 


We set 



and 



(1.24) 


for d G M>o- 

Definition 1.16. For r G N, ki,... ,kr,€ Z, 71 ,..., 7 ^. G Zp and c G N>i with (c,p) = 1, the 


associated p-adic multiple L-function of depth r is the Cp-valued function for (sj) G Xr {q ^) 
defined by 



r 


r 



(1.25) 
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Remark 1.17. When 71 € p'Zp, we see that ^ is an empty set, so we interpret Lp^r{{sj); ( 7 ^); c) 

as the zero-function. 


Remark 1.18. Note that we can define, more generally, 

Lp,r(si,... ,Sr; ( 7 j); (Cj)) := f {xiji + X2'y2)~"^ ■ ■ ■ 

r r 

X (xi7i) • • • 0 ;'=’- Xj-/j ) n (^j) 

1=1 1=1 

for Cj € N>i with {cj,p) = 1 (1 ^ j ^ r). Then we can naturally generalize the arguments in the 
remaining sections to this generalized case. 


In the next section, we will see that the above p-adic multiple L-function can be seen as a p-adic 
interpolation of a certain finite sum (12.211 of complex multiple zeta functions (cf. Theorem 12.11 and 
Remark 12.2p . 

The following example shows that the Kubota-Leopoldt p-adic L-functions are essentially the same 
as our p-adic multiple L-functions with r = 1 . 


Example 1.19. For s € Cp with |s|p < qp 71 G , k € I, and c G N>i with (c,p) = 1, we 

have 

Lp7(s;a;''“^;7i;c) = / (a;7i)“®a;'‘“^(a;7i)dthc(x) 

JZp 

= (7i)-^a;'=-i(7i)((c)i-^a.'=(c) - 1) • Lp(s;a;'=). 

The next example shows that when r = 2, we recover the p-adic double L-functions introduced in 

m- 


(1.26) 


Example 1.20. Let p be an odd prime, r = 2, c = 2 and 7 G pZp. Then, for si,S 2 G Cp with 
|sj Ip < (j = 1 , 2) and fci, ^2 G Z, our p-adic double L-function is given by 

Lp^2{si,S2\0J^^ l,p;2) 


/ (xi) ®^(xi-|-X 2 p) -I-X2?7)dm2(xi)(im2(x2). 

dzj xZ„ 


(1.27) 


The next theorem asserts that our p-adic multiple L-functions are rigid-analytic (cf. Notation 13.11 
below) with respect to the parameters si,..., s^: 


Theorem 1 . 21 . Let ki,... ,kr G Z, 71,..., 7^ G Zp, and c G N>i with {c,p) = 1 . Then Lp^r{{sj)', (w*^-’); (7j); c) 
has the following expansion 

Lp.r{si, . . . , Sr',UJ ^,...,UJ ; 71,..., 7,.; c) 

00 

= ^ C (m,... ,nr; (w'^'^); ( 7 j);c) ■-s)!"- 

ni,. ..^rir—O 

for (sj) G Xr {q~^), where C {{nj); (w^^ ); (7j);c) G Zp satisfies 

qp-i/(p-i)j _ (128) 

In order to prove this theorem, we show the following two lemmas, which are generalizations of [251 
Proposition 5.8 and its associated lemma]: 
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Lemma 1.22. Let f be a continuous funetion from to Qp defined by 

oo r 

f{Xi,...,Xr)= 

ni,...,nr=0 ^ ^ 

where afni,... ,nr) € hp. Suppose there exist d,M S ]R>o with d < p~^/(P~^') < 1 such that 
\a{ni ,..., nr)\p ^ for any (nj) € NJj. Then f{Xi ,..., Xr) may he expressed as 

OO 

f(Xi,...,Xr)= eQp[[Xi,...,X,]], 

ni,.. .,nr=0 

which converges absolutely in Xr{d), whenever 

\C{nu. ■ < M(d- 


Lemma 1.23. Let 

r 

Pi{Xi,...,Xr)= Y. aini,...,nr;l)Y[xJ^ (/€ No) 

ni,...,nr^0 j—^ 

be a sequence of power series with <Cp-coefficients which converges on a fixed subset D of and 
suppose that: 


(i) when I oo, a(ni ,..., Ur', 1) —>• a{ni ,..., Ur] 0) for each luj) € Nq, 

(ii) for each (Xj) G D and any e > 0, there exists an Nq = iVo((Xj),e) such that 

r 

<e 

i=i 

p 

uniformly in I gN. 


Y a(ni,... 


Then Pi{{Xj)) —> Po{{Xj)) as I ^ oo for any (Xj) G D. 


Proof of Lem,m,a \1.23[ For any £ and [Xj), we can choose Nq as above. Then 


-Po{{Xj))\p < max < e, |a(ni,...,nr;0) -a(ni,...,nr;0L ' TT M ^ 

X^Ujt^No ' j-j. I 


i=i 


for any sufficiently large 1. 


□ 


Proof of Lemma \1.22\ We can write 

/ X\ 1 " 

= (^eNo), 

where b{n, m) G Z. For any I G N, let 

yi{Xi,...,Xr) = Y ■ ,»^r) n 

rai rar^O j = l V / 

72 . - \-rL'r^l 


= Y Cimu...,mr;l)Y[xp, 

0<mi mr^l j = l 

mi H- 

say. We show that TilXi,... ,Xr) satisfies the conditions (i) and (ii) for Pi{Xi,... ,Xr) in Lemma 
11.231 In fact, using the notation 


A„(to) 


1 (to ^ n) 
0 (m> n) 
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we have 


7l{Xu...,Xr)= Y. 

ni-\ - \-nr^l 


i{ni, ...,nr) 

nil ■ ■ ■ rir-l 


Y[Hnj,mj)X"j 

mi^ni TTlr^Tlr j — ^ 


^ ^ n binj,rnj)X„^ (m,)X; 

ni-\ - \-nr^l mi^l mr^l j — 1 

Tn-^ -\- ■ ■ ■ -\-m.r 


= E 

riiH-h» 

= E 


m ,..., m 7’ ^ i 


/ 

V 


E 


Hence, we have 


‘m\-\ -h^nT’^Z \ - 


C{mi,...,mr;l) = Y 


a{ni,..., Ur) Y1 hi 1 I TT 

i=i 


ni!••• n,. 

ji—1 


a(ni, ...,nr) -pr 


rrii 


ni! • • • np! 

H-h^r ^ ^ 


Therefore, noting b{nj,mj) € Z and using |n!|p > p we obtain 

Md^ 


\C{mi,... ,mr;l)\p ^ max 


...l<ni,...,mr<nr • • • 72^ ! L 

H- \-nr^l 

^ max M (dp^^^P-^A 

mi^n^,... ,mr^nr \ / 

H- \-nr^i 


E"j / 1 1 /, - 

^ M (d-V 


(1.29) 


Furthermore, we have 

1(7(7711 ,... ,mr;l + k) — C{mi, ...,Z)|p 

a(ni, ...,nr) 




E 


rii! • • • Tir! 

.mT'^TiT’ 




^ max 




-Z-1 


.ni<ni,...,mr^nr ItT,-! ! • • • Tlrlln 

-hnr<Z + fc ' 

^ max M M (d-^p-^/^P-^A 

m 1 ^n 1 ,...,ttit-^tit’ \ / \ / 

for any I £ N. Hence, {(7(777i,..., 777 ,.; Z)} is a Cauchy sequence in /, so there exists 
(7(777 i, ..., mri 0) = lim (7(mi,..., mr] 1) £ Qp ((tti^) £ NJ) 

I —¥00 

with \C{mi,... ,mr;0)|p < M{d~^p~^^^P~^'>)~"^^ For (Xj) £ Xr(d) defined by (I1.24L let 

To(^i,.-.,^r) = ^ C(7ii,...,7i,;0)X”^-.-X;‘£ 

ni ,.. .,nr^0 

Then To(Xi,..., Xr) converges absolutely in Xr(d). Moreover, by (11.291) . we have 


^ C(7ii,...,7i,;Z)X”^.-.X; 


ni,... ,nr'^0 

ni_|- \-nr'^NQ 


^ max { M 

niH- hrir^No 


n (d-^p-^/^p-^^ 


1^7-1 


7 Ip 


0 (ni ,... ,nr ^ 00 ) 


7=1 


uniformly in Z, for (Xj) £ Xr{d). Therefore, by Lemma ll.2dl we obtain 

fiXi,...,Xr) = lim 7iiXi,...,Xr)=7o{Xl,...,Xr) 

I—¥00 
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for (Xj) G Xr{d), which completes the proof. □ 

Proof of Theorem M.21[ Considering the binomial expansion in (I1.25I1 . we have, for (sj) € Xr = 
Xr 

Lp^ri^i: ■ ■ ■: ^r'l ^ ^,..., u; ^ j'yi,..., ; c) 


= If |L,, n (i:»^Y,>-i 

ni,...,nr=0 v=l \ j=l j 

(aii7i) • • • Xj-ij) ]y dmc(a;j) j 


X UJ 


1=1 1=1 


-S. 


1=1 


-S. 


= X! aijii,... ,nr)W 

n\,...,nr—0 3 — ^ 

say. Since (X]j=i 2^i7i) = 1 mod q, we have \a{ni,... ,nr)\p ^ Applying Lemma [1.221 with 

d = q~^ and M = 1, we obtain the proof of Theorem 11.211 □ 

Next, we discuss the p-adic continuity of our p-adic multiple L-function (11.251) with respect to the 
parameter c. 


Theorem 1.24. Let si,..., G Zp, ki,... ,kr G Z, 71 ,..., 7 ^ G Zp and c G N>i with {c,p) = 1. 
Then the map 

c I y Lprp ,..., Spj io ,...,cu , 71)-'-5 f o) 

is continuously extended to c € Zp as a p-adic continuous function. 

Moreover the extension is uniformly continuous with respect to both parameters c and (sj). Namely, 
for any given e > 0, there always exists <5 > 0 such that 

\Lp,r{si }■■■ 1 Sr', ^ ^ , ■ ■ ■ ^ i 7l! • ■ • ! 7 j" j c) ^pwiSi, ■ ■ ■ , S.,,', U! ^ , . . . , UJ '’;7l;---;7r'jc)lp^^ 

holds for any c, c' G Z^ with \c — c'|p < d, and any Sj, s' G Zp with |sj — s'|p < S (1 ^ j ^ r). 


To prove Theorem 11.241 we prepare several lemmas and propositions. 

Let Measzj,(Zp) be the space of all Zp-valued measures on Zp. By [25l Subsection 12.2], it is 
identified with the completed group algebra Zp[[Zp]]; 

Measz,p(Zp) ~ Zp[[Zp]]. (1.30) 

Again by loc. cit. Theorem 7.1, it is identified with the one parameter formal power series ring Zp[[T]] 
by sending 1 G Zp[[Zp]] to 1 + T G Zp[[r]]: 

Zp[[Zp]]c.Zp[[T]]. (1.31) 

By loc. cit. Subsection 12.2, we obtain the following: 


Lemma 1.25. Let c G N>i with (c, p) = 1. By the above correspondences, rric G MeasZp(Zp) corre¬ 
sponds to gc(T) G ^p[[2^]] defined by 

^ (1 +r) - 1 “ (l + r)‘=-l' 

Lemma 1.26. The map c i-A gc(T) is uniquely extended to a p-adic continuous function g : Zp 
Zp[[r]]. 
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Proof. The series (1 + T)^ is well-defined in Zp[[T]] for any c G Zp and is continuous with respect to 
c G Zp because 

Zp[[T]]^l]^Zp[T]/{il + Tr" -1) 

(cf. [13 Theorem 7.1]). When c G Z^, belongs to ^ -|-Zp[[T]]. Hence, gc{T) belongs to 

Zp[[T]]. □ 

For c G Zp , we denote ffic to be the Zp-valued measure on Zp which corresponds to gc{T) by (11.301) 
and (11.311) . We note that it coincides with (I1.17|) when c G N>i with (c,p) = 1. 

Remark 1.27. For the parameters si, ..., Sr G Cp with |sj|p < (1 ^ j ^ r), fci,..., fc,. G Z, 

7 i,..., 7 r- G Zp, and c G Zp , the p-adic multiple L-function 

Lp^r{,SlT ■ ■ ■ T Sr\aj ^,...,01 ; 7l; ■ • ■ ; 7r'i *-) 

is defined by (11.251) with the above measure rfic. 


Let C{Zp,Cp) be the Cp-Banach space of continuous Cp-valued functions on Zp with ||/|| := 
suPa;gzr. |/(x)|p, and let Step(Zp be the set of Cp-valued locally constant functions on Zp. The 
subspace Step(Zp is dense in C'(Zp,Cp) (cf. [25l Section 12.1]). 


Proposition 1.28. For each function f G C'(Zp,Cp), the map 

: Z; ^ Cp 

sending ci-^ L f(z)dmc(z) is p-adically continuous. 

Proof. First, assume that / = Xj,N, where Xj,N (0 ^ J < p^, G N) is the characteristic function of 

the set j +p^Zp. Then d'/(c) is calculated to be aj(gc) (cf. [521 Section 12.2]), which is defined by 

p"-i 

g,iT) = «*(5=)(1 + Tf (mod (1 + Tf" - 1). 

i=0 

Since the map c i—>■ is continuous, c i—>■ <!>/(c) = aj{gc) is also continuous in this case. This implies 

the continuity of in c when / G Step(Zp). 

Next, assume / G C{Zp, Cp) and c G Zp . Then for any g G C{Zp, Cp) and c' G Zp , we have 

^/(c) - ^’/(c') = /" f{z)dmciz)-[ f{z)dmcfz) 

J Zp J Zp 

= / if{z) - g{z)) ■ d{mc{z)-fdcfz)) + g{z) ■ d{mc{z) - mc'{z)) 

«/Zp -^Zp 

= i^f-gic) - ^f-gic')) + ($g(c) - $g(c')). 

Let e > 0. Since Step(Zp) is dense in C(Zp,Cp), there exists go G Step(Zp) with ||/ — 5o|| < £• Thus, 
for any c G Zp , we have 

l®/-so(c)lp= / {f{z) - goiz)) ■ drhciz) ^||/-go||<e, 

JZp P 

because ffic is a Zp-valued measure. 

On the other hand, since go G Step(Zp), there exists <5 > 0 such that 

1^50 (c) - ^3o(c')lp < e 


for any c' G Zp with jc — c'jp < 6. 













14 


H. FURUSHO, Y. KOMORL K. MATSUMOTO, AND H. TSUMURA 


Therefore, for / G C{Zp, Cp), c G and any e > 0, there always exists i5 > 0 such that 
l^/(c) - ^/(c')lp ^ max{|$/_g„(c)|p, |$/_go(c')|p, - ^’go(c')lp} < e 

for any c' G Z^ with |c — c'\p <5. □ 

By generalizing our arguments above, we obtain the following: 


Proposition 1.29. For each function f G C'(Zp,Cp), the map 

: Z; ^ Cp 

sending c i—>■ J^r f{xi, ■ • ■, Xr) 0^=1 dmdxj) is p-adically continuous. 

A proof of Theorem 11.241 is attained by the above proposition. This is the reason why we restrict 
Theorem 11.241 to the case for si,..., G Zp. 


Proof of Theorem \1.24\ Let us fix notation: Define 
W{si,...Sr;Xi,...,Xr) 

r r 

■= {xiJiyHxi-fi +X2j2)~"^ {Xiji) ■■ ■UJ^'-i^Xj-fj) -X.^y ixi,...,Xr), 

3 = 1 3 = 1 ^ 

where y ^ , (xi,... ,Xr) is the characteristic function of ^ (cf. Definition 11.161) . Then we 

have 

(si .j Sr: 03 ^ U3 ,yi,..., Xr: c) ■ — / fL (si,...,S7.,Xi,..., Xr ) ' I I dxtlc{Xj ). (1.33) 

M 3 = 1 

Below we will prove that the map 

F . (si,...,S7.,c) G Zp X Zp I )■ Lpr (si, . . . , Sr: 03 ,...,CU ,yi,..., Xr: c) G Zp 

is continuous: 

First, by Proposition 11.291 we see that it is continuous with respect to c G Zp for each fixed 
(si,..., Sr) G Zp. Namely, for each fixed (si,..., Sr) G Zp and c € hp , and for any given e > 0, there 
always exists 5 > 0 such that 

|Lp^l.(si, . . . , Sr: 03 ^ 03 ^ ] Xl: ■ ■ ■ : Tr: d) Lpr ^ ■ :03 '’;yi,...,yr-;c)|p<£:; 

equivalently, 

|!F(si,...,Sr;c) - !F(si, ... ,Sr;c')|p < e (1-34) 

for all c! G Zp with |c — c'|p < 5. 

Next, take M G N such that e > p~^ > 0. Since it is easy to see that there exists <5' > 0 such that 

(1 + = 1 (mod p^) 

for any u G pZp and d € l^p with |fi|p < 6' (In fact, we may take 6' as 5' < p~^), we have 

x" = x"' (mod p^) 

for all X G (1 +pZp) and s,s' €Zp with |s — s'| < 5' for such S'. Therefore 

IT(si,...,Sr;Xi,...,Xr) = W {s'j^, . . . , s'^] Xi, . . . , Xr) fmodp^) 
for all (xi,..., Xr) G Zp when |si — s'|p < <5' (1 ^ ^ r). Thus, in this case, the inequality 

|Lp^r(si) ■ • ■ J Sr j ; yi, . . . , Lpr{Si,...,Sr:OJ ^,...,03 ’’j yi,..., j c) |p 
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-M 


< e 


holds for any c G Zp , because nic is a Zp-valued measure. Therefore, for any given £ > 0, there always 
exists 5' > 0 such that, when — s-|p < 5' (1 ^ ^ r), 

... ,Sr;c) - ^{s [,... ,s^;c)|p < e (1.35) 


holds for all c € . 

By (I1.34P and (I1.35L we see that for each fixed (si,..., Sr) G and c G Z^, and for any given 
e > 0, there always exist <5, > 0 such that 


(si,..., s^; c) - ..., sj.; c')\^ 

= |!f(si,...,sr;c) -<I'{si,...,Sr;c') + (si,..., s^; c') - (s'l,..., 4; c')|p 

^ max||if(si,...,Sr;c) - W{si,..., Sr] c')\^, \W{si,..., Sric') - ..., s).; c')|p| < e 

for |si — s'Ip < (5' (1 ^ ^ r) and |c — c'|p < 6. Thus, we get the desired continuity of S'(si, ..., s^; c). 

The uniform continuity of ’f"(si ,..., Sr]c) is almost obvious because now we know that the function 
is continuous and the source set Z^ x Z^ is compact. □ 


As a corollary of Theorem ll.241 the following non-trivial property of special values of p-adic multiple 
L-functions at non-positive integer points is obtained. 


Corollary 1.30. The right-hand side of equation (EU of Theorem, \2.1\ (in the next section) is p- 
adically continuous with respect to c. 


We conclude this section with a speculation how to construct a p-adic analogue of the entire function 
Cr®®(si,..., Sr; 7 i,..., 7r) which was constructed as a multiple analogue of the entire function (1 — 
s)C(s) in [H]- By Theorem 12. II and Remark [521 below, our Lp_r(si, ■ ■ ■ ,Sr', 7ii ■ • ■; 7 r-; c) 

is a p-adic interpolation of ED). 

By limc_j.i gc{T) = 0 , we have, for si,..., Sr S Zp, fci,..., fcr GZ, and 71,..., 7r € Zp, 
lim Lp,r(si,..., Sr; ..., w''"; 71 ,..., 7 r; c) = 0 . 

C—>1 

c&f 

On the other hand, by 

lim^eQp[[T]]\Zp[[T]], 

c-J-l C — i 

we cannot say that the limit limc_>.i converges to a measure. Thus, we encounter the following: 


Problem 1.31. 


For si,..., Sr S Zp, 


lim 

c-s-l 

cGZf\{l} 


1 


ki,... ,kr G Z and 71 ,..., 7 r G Zp, does 

. . . , Sr',UJ ^,...,LO ; 71 , . . . , 7r; c) 


converge? 


(1.36) 


If the limit (|1.36l) exists and happens to be a rigid analytic function, we may call it a p-adic 
analogue of the desingularized zeta function i Sr; 7i, ■ • ■, 7r)- We recall that the problem is 

affirmative when r = 1 and 7 = 1. In fact, by (11.2611 . we have 

lim (c — l)“^Lpp(s; 1; c) = (1 — s) • Lp(s; w*'*'^). 
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We also note that the limit converges when (si,..., Sr) = (—n-i,..., —rir), tor ni,... ,nr € Nq, by 
Theorem in the next section. 


2. Special values of p-adic multiple L-functions at non-positive integers 

In this section, we consider the special values of our p-adic multiple L-functions (Definition 11.161) 
at non-positive integers, and shall express them in terms of twisted multiple Bernoulli numbers (Def¬ 
inition ini) in Theorems HD and O We will see that our p-adic multiple L-function is a p-adic 
interpolation of a certain sum (12.21) of the entire complex multiple zeta-functions of generalized Euler- 
Zagier-Lerch type in Bemark l2.2l Based on these evaluations, we generalize the well-known Kummer 
congruences for ordinary Bernoulli numbers to the multiple Kummer congruences for twisted multiple 
Bernoulli numbers in Theorem 12.101 We also show certain functional relations with a parity condi¬ 
tion among p-adic multiple L-functions in Theorem 12.151 These functional relations may be seen as 
multiple generalizations of the vanishing property of the Kubota-Leopoldt p-adic L-functions with 
odd characters (cf. Proposition 11.131) in the single variable case, and of the functional relations for 
the p-adic double L-functions (shown in [18) 1 in the double variable case under the special condition 
c = 2. Many examples will be investigated in this section. 


2.1. Evaluation of p-adic multiple L-functions at non-positive integers. Based on the consid¬ 
eration in the previous section, we determine the values of p-adic multiple L-functions at non-positive 
integers as follows: 


Theorem 2.1. For ni ,... ,nr £ Nq, 71 ,..., 7 ^ G 'Zp, and c £ N>i with {c,p) = 1, 


Tp y ( Til, ... , Tlj. ^ UJ ,...,UI ,7l;---; : o) 

«f=i «?=i 

+ H H ■■■ H i:--i:'B(("j);((n«.)‘"fi);(7i)), (2.1) 

d—1 ^ pf —1 pP —1 ^f = i = i j^ii 

1 d ^ 1=^1 

where the empty product is interpreted as 1 . 


In Definition ll.41 the twisted multiple Bernoulli number {^j); ( 7 ^)) was defined for 71 ,..., 7 ^ G 

C and roots of unity ^ 1 ,..., G C. Here we define )B((nj); (jj)) for 71 ,..., 7 ^. G Zp and roots of 

unity 6 , ■ ■ ■ G Cp by dUl) and (HH). 


Remark 2.2. When 71 ,... , 7 ,. G Zp D Q satisfy IRyj >0 (1 < j < r), we obtain from the above 

theorem that 


LpA-ni,..., -nr, ..., 71 , • • •, 7 D c) = | ^ ^ Ui-nj); (C,); (7,)) 








1 d ^ 1=^1 
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because 


Crii-n,); fe); ( 7 ,)) = (C"^); ( 7 ,)) 


\^J \ !j J J ~ \ J'> \^j 

(see m Theorem 4.1]). Hence, the p-adic multiple L-function Lp_^((sj); ( 7 ^); c) is a p-adic 

interpolation of the following finite sum of multiple zeta-functions Ci'((sj ); i^j)l (ij)) which are entire: 


Cr((sj);(^j);(7i))- 


«f=i «==i 


Proof of Theorem AS. 1[ We see that for any p € fip and ^ € /ic \ {1}, 


titpiO' +P^Zp) = ^ = p’m^U+P^'^p) (N > 1). 


Hence, using 


(K) 

pp=l 


[ 0 {p\n) 

\P {p\n), 


we have 


Lp^r ( 5 • ■ • ; ’^r , c) 

= f (xi7i)”^ • • • n ^ E n E 

■’K 3=1 i=i \ ^ pf=i / j=i 


= / (a:i7i)”i • • • (E E ■ ■ ■ E n 


i=i 


«f=i «?=i i=i 

SitSI «r7^1 


+eK e e-ee-e 

d=l ^ l^ii<-<id^r pP =1 pP =1 = 1 €^ = 1 

€l7^1 


( 2 . 2 ) 


= / (a;i7i)”^ • • • (E E ■ ■ ■ E n 


i=i 


€^ = 1 €^ = 1 7 = 1 


+eR)' e e-ee-e 


€^=1 


i^n<-"<'id^p pf =1 pf =1 ^1=1 

1 d € 17^1 

l r 


Z=1 J = 1 j=l 

Thus, the desired identity has been shown by Proposition ll.151 


□ 


B,em,ark 2.3. We reiterate Corollarvll.30l The risht-hand side of eouation m is p-adically continu¬ 
ous, not only with respect to ni,... ,nr, but also with respect to c. 

Considering the Galois action of Gal(Qp/Qp), we obtain the following result from Theorems 11.211 
and ll.241 

Corollary 2.4. For ni,... ,nr G No, 71 ,... , 7 ^ G Zp and c G Zp , 

4^p,r ( Til, . . . , 71,., UJ ,...,CU ,7l,---, 7 p 7 d) G Zp. 
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Hence, the right-hand side of m is in Ip, though it includes the terms like (^~pj ■ particular, 
when 7i,..., 7f. S Z(p) := {f G Q | a, 6 S Z, {b,p) = 1} = Zp n Q, then 

^p,r{ Hi , • ■ • , Hrj OJ ^ , . . . , OJ , 7 r i c) G ^(p) ■ 

The following examples are special cases (r = 1 and r = 2) of Theorem 12.II 
Example 2.5. For n G No and c G N>i with (c,p) = 1, 


Lp,i(-n;ca";l;c) = (l-p") ^ $„( 0 , 

which recovers the known fact (see [5^ Theorem 5.11]) 

Lp(-n;a;-+i) = -(l-p-)%i, 

n + 1 

thanks to (11.71) and (11.211) . 

Example 2.6. For ni,n 2 G No, 71,72 G Zp, and c G N>i with (c,p) = 1, 
Lp, 2 (-ni, - 712 ; 71 , 72 ; c) 

= *S(Hi,n2;C,6;7D72) 

«f=i «i=i 

- - ®(Hi,n2;p7'CD6;7D72) 

P pp=i «^=i «i=i 
€17^1 ^ 29^1 

- - ®(hi,H2;p^'Ci,pI"6;7i,72) 

P pP = l €f = i «i = i 

+ 4 X! X! X! X! (pld2)'^'6,pI"6;7l,72)■ 

^ pj=ipp=i «f=i «§=i 


(2.3) 


(2.4) 


i=i 


rij!' 


More generally, we consider the generating function of {Lp_r((—H j); (w"^'); ( 7 ^); c)}, that is, 

00 00 r 

Pp,r{ti, ■. ■ ,tr', ( 7 j) j c) = 'y ] • • • 'y ] ^p,i'((~Hj); (ca ^); ( 7 ^); c) 

ni=0 nr=0 

Then we have the following: 

Theorem 2.7. Lei c G . For 71 ,..., 7 ^ G Zp^ 

(il; • ■ • , ir j (7^)5 

1 C 


n 


1 yexp ( 7 ^ J2k=j ik) - 1 exp ( 07 ^ J2k=j 

eR)' e e-e 


-1 




l^ii<---<id^r pP =1 pP =1 


r 

nl 

( 1 

C 



PiJ^^expl 

[71 J 2 k=j 

1-1 

(c 7 i ELj 

,-lj 
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=n E 


+ 1\ ^rrij + l 


/ \ ^ 

[ij Yl=j tk) 


■ 1 \ n rrij + 1 

j — 1 \mj=U 


nijl 




+ (-irE E E-E 


l^ii<---<id^r pP —I pP —I 


j=l \mj=0 j^ii 


(i.ELj'*)’ 


rrijl 


In particular, when 71 G anrf 7 ^ G pZp (2 ^ j ^ r), 


Fp,r{tl-, ■ ■ ■ itr] ( 7 i)i c) — 


1 


exp (71 ELUfe) - 1 exp(c7i X;LUfe) - 1 

1 c 


exp (p 7 i X;Li ^k) - 1 exp (cp 7 i X^Li “ 1 
1 c 


|1 l^exp ( 7 ^ YJk=j *k) - 1 exp (^cjj YJk=i tk) 

ni + 1 


- 1 


_ j y ^ (1 — ) (1 — ^ni + l (71 X^fc^l ^k) 


V^ni =0 


rill 


xH E(i-c”^'^') 

j=2 \nj=0 


,+l'i Fuj+l 


T,l=j tk) 


rij + 1 


77 , 0 ! 


(2.5) 


We stress here that Theorem 12.II holds for c G N>i with (c,p) = 1; in contrast, Theorem 12.71 holds, 
more generally, for c G Z^ . 

Proof. For the moment, assume that c G N>i with (c,p) = 1. Combining (II.9|) and (12.111 . we have 

Fp,r{{tj); ( 7 j);c) = ^ ^ ^ 

«f=i «;;=i i=i 1 - il exp hj Efc=j tk 1 

SrySl ^ ■‘I 


d=l 


n 


E E E-E E-E 


l:Sil<'"<id^r'pP =1 pP =1 «f = i «^ = i 

1 ‘"i SrySl 


t=i 1 - PiiV^£.3 exp ( 7 ^ ELj *fe) 

1 

HE 


1=1 


=1 1- 




exp ( 7 J ELi tk 


t(-lX E E-E 




n 

1=1 






E 


1 - exp ( 7 ^ ELi ^fc) 
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Hence, by (HH), we obtain the first assertion. Next, we assume that 71 G and G pZp {2 ^ j < r). 
Then 

{Y[p^iP=^ (2<j^r), 

j^k 

from which it follows that 


Pp,r{{tj)': {lj)jC) — 


j=i \ exp 


+E(-^) E E-E 


{ij J2l=j tk) - 1 exp (c 7 j X;Lj ik) 


- 1 






(Oi, Pii ) exp (71 ELi ik) - 1 (n*, Pii )'^ exp (071 '£k=i 4 ) - 1 


xn 

i=2 



1 


c 


\exp 1 

(tj ELj tk) 

1-1 exp 1 

(c7j ELi tk) 

,-lj 


Using (dU, we can rewrite the second term on the right-hand side as 


n 





1 


c 


\exp 1 

[ 7 ^ J2k=j ^k'j 

1-1 exp 1 

(c7i El=j tk) 

l-'j 


E - 




Noting 


E p" 


El-;) E 


exp (p 7 i X;Li ^fc) - 1 exp (cp 7 i J2k=i ^fc) - 1 / ’ 


P 


d—1 X / d—1 

we obtain the second assertion. 

In summary, we have proven the formulas in the theorem for c G N>i with (c,p) = 1. It should be 
noted that each coefficient of the left-hand side of each formula is expressed as a polynomial in c. On 
the other hand, each coefficient of the right-hand side of each formula is continuous in c, by Theorem 
11.241 Therefore, these identities can be extended to c G Z^ . □ 


We consider the case r = 2, with ( 71 , 72 ) = ( 1 , 7 ) for 7 G Zp, and c G N>i with (c,p) = 1. From 
(11.1011 and Example 12.61 we have 

Lp, 2 {-ki, -k 2 ; ; 1 , 77 ; c) 


k2 




= E E E ( ^ ]^ki+u{^i)^k2-ip{^2)r] 


k2 — i' 


k2 


pp=i 2^=0 

k2 


-; E E E E („ 


pP = l q = i €i = i 


-; E E E E (,1 
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^2 


+ ^ H H Z! Z! n 

p?=ipS=i Sf=i «i=i >^=0 

€27^1 


<Bfci+^(piP2Cl)®fc2-i'(P26)’7 




for ki,k 2 S No. By the argument similar to (11.71) , we have 


Z = 

for n € No. In addition, using (HH) with k = p, we have 


(a = l) 
(a) (a^l) 


^ ^ = Z - ^n{p)) =p”+' (1 - c"+l) 

pP = l «■= = ! pP = l 

for n G Nq. Hence, by continuity with respect to c, we have the following. 


7^n+l 
n + 1 


( 2 . 6 ) 


(2.7) 


Example 2.8. For ki,k 2 G Nq, t] G Zp and c G Z^, 


Lp, 2 {-ki, -k 2 ] ; 1, c) 

=z (t') (1 - (1 - 

i/=0 ^ ^ 


,fcl + !^+l'\ ^ki+i'+l _ ^^2—i^+l\ — p 


- <Bfc,+.(p2)) (c'==-'^+'Sfe2-.(p^") - ^k,-u{pT)) 



ki + I' + I 


In particular, when rj G pZp, then by (jl.4l) and (j2.7|) . 


Lp^2{-ki,-k2]U}'"\u}^^-,l,p;c) 


k2 


12=0 


= Z ( ^ ) (1 “ (l - 0^^+''+^) (1 - 


,^2—p'+l\ ^ki-\-i'-\-l^k2 — i'G^ ,y^k2—i2 


{ki + V + l)(fc2 — V + 0 


(2.9) 


Note that the case c = 2 was obtained in our previous paper [THl Section 4]. In the special case when 
ki G N, ^2 £ No and fci + k 2 is odd, 

ip.2(-A:i,-fc2;w"Nw"=;l,^;c) = ^ (l - (l (2-10) 

Furthermore, computing the coefficient of in (12.51) with r = 3, we obtain the following: 

Example 2.9. For fci, fc 2 , k^, G No, ryi, P 2 G pZp and c G , 


Lp,3{-ki, -k2, -k3]w^\w'"‘^,uj^^] l,r]i,r]2;c) 

fcs ka — vi k2 

^ki+i22 + K+l^ (l - C 

u^=o u2=o ^=o'^'^y 

-1/1 —1^2 + 1 "j ^fcl+l/a+K+l 73^2+1/1—K+1 Bk^ — Vi—122 + 1 

^ fci + P'2 + K + 1 ^2 + — K + 1 A:3 — Z/1 — P'2 + 1 


= z zz 

) 1 / 2—0 

x(l- 


k2 + l2l — K+l\ 


y „fc2+i/l-K„fe3-l'l-l/2 
^ Vl V2 ) 


( 2 . 11 ) 


where ( ^ ) = — i —- tt- 

\I/l,I/2/ I'l- 1^2 ■ (A—I/i— 1 / 2 )! 
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2.2. Multiple Kummer congruences. We will show certain congruence relations for the twisted 
multiple Bernoulli numbers, which are certain generalizations of Kummer congruences for Bernoulli 
numbers (see (12.141) . below), from the viewpoint of p-adic multiple L-functions fTheorem l2.10l) . Then 
we will extract specific congruences for ordinary Bernoulli numbers in the depth 2 case (Example 

m. 

First, we recall the ordinary Kummer congruences. By (I1.26L we know from |171 p. 31] that 

Lp^i(l — m; 1 ; c) = Lp^i(l — n; 1 ; c) (modp*) ( 2 - 12 ) 

for m,n G No and I G N such that m = n (mod {p — l)p*“^) and c G N>i. Therefore, from (12.311 . we 
see that 

(l-c™)(l-p’"-^)—= (l-c”)(l-p”-^)— (modp'). (2.13) 

m n 

Note that c G N>i can be chosen arbitrarily under the condition (c,p) = 1. In particular, when p > 2, 
for even positive integers m and n such that m = n (mod (p — l)p*“^) and n ^ 0 (mod p — 1 ), we can 

choose c so that 1 — c”^ = 1 — c" (mod p*) and (1 — c^jp) = (1 — c",p) = 1 , which yields the ordinary 

Kummer congruences (see [nip.32]): 

(l-p™-i)—= (l-p"-i)— (modp'). (2.14) 

m n 

As a multiple analogue of (I2.13|l . we have the following: 

Theorem 2.10 (Multiple Kummer congruences). Let mi, ..., m^, ni, ..., rif S Nq with mj = Uj 
mod (p — l)ph“i for Ij G N (1 ^ j ^ r). Then, for 71 , ... ,jr G o,nd c G N>i with {c,p) = 1, 

Ap.r(-TOi, ■ ■ ■, ..., ... ,7r;c) 

= Lp^r{-ni,-Ur] ..., w”’'; 7 d ■ • ■) 7 r; c) (^mod p™"{b I _ {2.1b) 

In other words, 

(7j)) 

€f = i = 1 

d—1 ^ ^ P? =1 P? =1 €1 = 1 

1 d 

^^•••^S((n,);(C,);(7,)) 

^f = i = i 

+fl E E E E E »((-,);((11(V)) 

d—1 ^ ' l^ii<---<id^r pP —1 pP =1 = i €? = i j^ii 

(modp™^'^ . (2.16) 

Proof. The proof works in the same way as the case of Lp{s; x) stated above (for the details, see [T71 
Chapter 2, Section3]). As for the integrand of ()1.33p . we have 

i \ 

(modp'") (l^j^r) (2.17) 

U = 1 ) 

for {xj) G y Hence, (12.171) implies (I2.15p . It follows from Theorem 12.II that (12.161) holds. □ 
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Remark 2.11. In the case p = 2, since 

(Z/2'Z) "" ~ Z/2Z X ’LI2^-^Z (I G N> 2 ), 

(12.171) holds under the condition 

mj = rij mod 2*^“^ {Ij G N> 2 ; 1 ^ j ^ r), (2-18) 

and so does (I2.15|) under (I2.18|) . Hence the following examples also hold under (12.181) in the case 

p = 2 . 


In the case r = I, Theorem 12.101 is nothing but (I2.12L a reformulation of (12.131) . 
In the case r = 2, we obtain the following: 


Example 2.12. For mi, m2, ni, 712 G No with rrij = nj mod (jj — l)p^^ ^ ih,h S N), rj € 7 jp and 
cez„^ 


E l ] fl — fl — m2-i/ 

\ 1/ I ^ ' mi + U + 1 ^ m2 — V + \ 


j /=0 


1 "*^ / \ 
P „p_i ,/=n \ ^ / 


p^=l 1^=0 
m 2 


- E E f""" (1 - 


n2 


V ^ 


/1 / J7i2 —Z-' + l 


777,1 + + 1 




= E ,2 


+ 1 /+!'^ -^ni+iz+l 

ni + u + 1 


(c™=-"+l®m2-.(P2'') - ®m2-.(p^)) 


-[/+1\ Bn^-v+l _n2-i/ 


(I-C”"'- 'N -=-—7?" 

^ 71.2 - U + 1 


1 _ J^2 / \ 

- - E E r' - ®m+.(p2)) 

P „p_i ,/=n \ ^ / 


P 5 =li ,=0 

n2 


E E ( ? (1 - (c”^-'^+'®n2-.(P2'') - »»2-.(p^)) 


pP = l 1,=0 

(mod , 

which follows by setting ( 71 , 72 ) = (I,??) for ry G Zp in (12.151) and using Example 12.81 


(2.19) 


Next we consider certain congruences among ordinary Bernoulli numbers: 


Example 2.13. We set rj = p and c G N>i with (c,p) = 1 in (I2.19p . Note that this case was 
already calculated in (12.91) with rj = p. Hence, we similarly obtain the following double Kummer 
congruence for ordinary Bernoulli numbers: 

m 2 

/ 7772 \ mi-U7^\ /h mi-U7^-U1\ m., —7y-U1\ ^m^ — 


m 2 / \ 

E () (1 “ (1 - (1 -: 


,m2—b'+l'\ _ ^mi+i^+l-^m2 — i^+l _ ryi^—u 

^ (mi + 7/ + l)(77l2 


1^=0 


.'/T'l+i^+l^ -^ni+i>'+l-^n2—f^+1 ^712—^ 

^ (?7l + Z/ + 1)(772 - + 1)^ 


^ E ? (1 - (1 - (1 - - ..i P 


(mod 


( 2 . 20 ) 
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for mi, m 2 , ni,n 2 £ No with mj = nj mod (p — ^ {Ij G N; j = 1,2). In particular, when mi and 

m 2 are of different parity, we have from (j2.10p that 


c — 1 


+ _ prni-\-m 2 ^ 


C — 1 


-^mi+m2 + l 

mi + m2 + 1 
-^ni+n2 + l 


(1 _ c»i+»2+i\ 0 - p»i+»2\ "i+r»2+i f mod (2.21) 

^ ^ ^ ^ ni + 712 + 1 ' 


which is equivalent to (I2.13|) in the case {c,p) = 1 with \ {c — 1). Therefore, choosing c suitably, 
we obtain the ordinary Kummer congruence (I2.14p . From this observation, we can regard (I2.20p as a 
certain general form of Kummer congruence including (12.141) . We do not know whether our (12.201) is a 
new congruence for Bernoulli numbers, or whether it follows from the ordinary Kummer congruence 

(I2T31) . 


In the case r = 3, we obtain the following: 

Example 2.14. Using (12. lip with (71,72,73) = (l,P,p), we can similarly obtain the following triple 
Kummer congruence for ordinary Bernoulli numbers: 


m3 m 3 — 1/1 m 2 / \ / \ 

E E E 


.mi+i'2+K+l 


)(1- 


7712+1^1—/^+1\ 


1 ^ 1=0 1 ^ 2—0 K — 0 

X (1 _ 

ns ns —1/1 n2 


B. 




B. 


+ 


^ 7713 —L'l—1^2 + 1 ^m2+n73 —K—7^2 


Wl + J72 + K + 1 7772 + 1^1 — K + 1 m 3 - — J72 + 1 


ns ns — 1^1 n 2 / \ / \ 

^ E E E (j (,Z ) (1 - 0 -+-+^=+^) (1 - 

1.1=0 1.2=0 K=0 ^ /VI 2/ 


_ ^ri3- 121-122 + 1'^ 


(mod 


.Btii+i.2+k+1 


B. 


"2+1.1—K+l 


^713 — 1.1—1.2 + 1 ^Tl2+"3—K —"2 


+ 1^2 + K + 1 1/2 + — K + 1 773 - 77i — 772 + 1 


( 2 . 22 ) 


for mi, m 2 , m 3 , ni, 772,773 € No with mj = nj mod {p — l)p’'^ ^ {Ij G N; j = 1, 2, 3). It is also unclear 
whether this is new or follows from (I2.13F 


2.3. Functional relations for p-adic multiple L-functions. In this subsection, we will prove cer¬ 
tain functional relations with a parity condition among p-adic multiple L-functions (Theorem 12.151) . 
They are extensions of the vanishing property of the Kubota-Leopoldt p-adic L-functions with odd 
characters in the single variable case (cf. Proposition 11.131 and Example 12.191) , as well as the func¬ 
tional relations among p-adic double L-functions proved by [H] in the double variable case under the 
condition c = 2 (cf. Example I2.20p . They may also be regarded as certain p-adic analogues of the 
parity result for MZVs (see Remark ] 2. 181) . It should be noted that the following functional relations 
are peculiar to the p-adic case, which are derived from the relation (12.311) . below, among Bernoulli 
numbers, and cannot be observed in the complex case. 

Let r ^ 2. For each J C {1, • ■ •, t'} with 1 G J, we write 

J = {jl(J), J2(J), . . . , J|J|(J)} (1 = jl(J) < • • • < J|J|(J)), 

where | J| implies the number of elements of J. In addition, we formally let j|j|_|_i(J) = r -|-1. 
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Theorem 2.15. For r G N>i, let ki,... ,kr G Z with ki-\ - \-kr^r (mod 2), 71 G Zp, 72 ,..., 7 ^ G 

pZp and c G Zp . Then, for si,... ,Sr G Zp, 

Lp,r(si,.. .,Sr;uj'^\ . ■., w'''';7i,72, ...,"fr]c) 

= - E 

leJ 

where the symbol means the sum over jp{J) ^ I < jp+i(J). 




I 

V=i 


To prove Theorem l2.15l we first define certain multiple analogues of Bernoulli numbers, and discuss 
their properties. 

We consider .^i(t; 7 ;c) in Cp, that is, 

1 c 


J 0 i(t; 7 ;c) = 


e7t - 1 - 1 




m +1 


iW 


m—0 

C — 1 


(m + 1 )! 


+ E(""^'-i)c(-^) 


hty 


for c G Zp and 7 G Zp. For simplicity, we set 


a3(n;7;c):=(l-c"+i):^7” (n G N). 
^ ^ n + 1 


It follows from (|1.19l) and (ll.20|) that 


i0i(t;7;c)=^ / a;™dmc(a:)^E_ = / e^'^‘dmc(x) 


m=0 P 


5 fi(t; 7 ;c) : = i 5 i(t; 7 ;c)-— = V 'B(to; 7 ;c) — 

z m! 

m=l 

= [ (e"^* - l)dmc{a;). 

J Wjp 

We know that i 32 m+i = 0, namely ® (2m; 7 ; c) = 0 for m G N. Hence we have 

dfi(-t; 7 ;c) = - 5 fi(t; 7 ;c). 

For r G N and 71 ,..., 7 ^ G Zp, we set 

r r 

0~Cr[ti^ ■ ■ ■ ; Tl; ■ • * ; Tt? c) := O^i ^ ‘ 




r I r 


C — 1 


i=i 


k=j 


(2.24) 


(2.25) 


(2.26) 


(2.27) 


(2.28) 


and define the multiple analogues of Bernoulli numbers ..., n^; 71 ,..., 7 ^; c) by the Taylor ex¬ 

pansion 


00 00 


J{r(ti,...,tr;7i,---,7r-;c) = E ■■■ E — 

< ^ ^ 71 -1 

By (|2.28p . we have 


ty r- 


ni=l Tlr — l 


nil Ur! 


(2.29) 


dtp ( ti, , tp,7l5-'-) Tt ; c) — ( 1) dtp (ti,...,tp,7l,-'-5 , c). 


(2.30) 
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Hence, when ni + ■ ■ ■ + Ur ^ r (mod 2), we obtain 

... ,nr; 7 i,.. ■ ,7r;c) = 0. (2-31) 

Remark 2.16. From (11.111) . we have 

r r 

^r-((ij);(7j);c) = (2.32) 

1=1 k=j 

Comparing (12.291) with (12.321) . we see that Kr{{tj)-, {^j);c) is defined as a slight modification of 
(jj); c), and it can be verified that a formula of the same form as (j2.30ll holds for Sjr((tj); (jj); c), 

as well. 


It follows from (I2.25L (12.2711 and (I2.29|) that 23(711,... , 71 ^) 71 ,... , 7 r;c) can be expressed as a 
polynomial in {Bn\n^i and {71,... ,7^.} with Q-coefficients. 


Lemma 2.17. For ni,... ,nr S N, 71,..., 7,. G Zp and c € , 

I — 


^(tii,...,77^171,..., 7 ^;c) = (“T”) /i^i 

■'K 1=1 jeJ jeJ 


'p 1=1 j£j 

3^1 


where the empty product is interpreted as 1 . 
Proof. From (12.271) and (I2.29p . we have 


tl) 

'^p j —1 J—1 


J|(e"iT'dEr=i *') - 1) dm,{xj) 


Y (-1)’' '■^'exp(^a;j7j(j]]ti)) nc?mc(a;i) 

JC{1,...,T-} 


jeJ i=j 3=1 


Y (-!)’■ '“^'exp^ 

JC{l,...,p} 


1=1 3^3 

3^1 


1=1 


00 00 


= E---E E (- ir '-'' 

ni =0 nr=0 Jc{l,...,r} 


n 


X 3 I 3 )) 


> 1=1 


77 /! 




1=1 


00 00 


= E ■ ■ • E E (-i)" / n(En 

ni=0 nr.=0 '^p jGJ j —1 ^ 

Here, we consider each coefficient of ^ ^ for t7i, ..., 77 ^. G N. If 1 ^ J then 


E 

3€J 

3^1 


2^7 71 


is an empty sum, which implies 0. Hence, we obtain from (11.201) that 

®(77i,...,77^;7i,...,7r;c) 


= E (-ir'"' 

JC{l,....r} 


1=1 


1—1 j^j 
j^i 


(2.33) 
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= E (-ir'"' 
'1 — 




JC{l,...,r} 

le J 


‘p ^—1 


7 = 1 




JC{l,...,r} 

le J 


1^1 

1=1 jej j£j 


for ni,... ,nr G N, and this completes the proof. 


□ 


Proof of Theorem A2.15[ If 71 G p^p, then it follows from Remark 11.171 that all functions on both 
sides of (I2.23P are zero-functions. Hence, (I2.23|) holds trivially, so we only consider the case 71 G 
, 72 ,. ■., 7 r- G pZp in (12.331) . 

First, we consider the case 71 = 1. Setting 71 = 1 and 72 ,..., 7r G pZp in (I2.33L we have 
'B(ni,...,nr;7i,72,...,7r-;c) 


IGJ 


7 1 7| 

^p 1=1 jeJ 




for ni,..., rir G N. From the condition 71 = 1 and 72 ,..., 7 r G pZp, we see that 

X 4 '"”' = 4 ^" \ X Zl^l-l) 

for any J C {1,..., r} with 1 G J. Therefore, we have 

'l-c\’'-l'^l (f xl-^l 

Gp.Ull 1 - > ^ 

J p=i 


/I .^..T ^ ii^T, >\lLi-n 1 _1 T T 


JC{1.r} 

le J 


le J 


'p /=1 jeJ 
j^l 


3^J 


z (7^)""'"L,n(i:-nirn‘'s=(7) 


leJ 


^ (i^) 

JC{1.r} 

leJ 


Z=1 jGJ 
i^l 

1 — f 




,.,1171+ E xjIoIpT' n dmdxj) 

^p 1=1 jeJ 

Kjsil 


j&J 


= ^(ni, ..., n^; 1, 72 , ■. ■, 7 ^; c) - ..., n^; 1, 72 /p,. ■., 7 r/p; c), (2.34) 


which is equal to 0 when ni rir ^ r (mod 2) because of (I2.31F Let ki,... ,kr G Z with 

ki + kr ^ r (mod 2). Then the above consideration implies that 

'l-c\’'-l-^l // ^ \HI 

-Pv.lJl 11 “/, 

■'ll J P=1 




le J 


-f Lp^r{-ni,..., -nr\uj^\. ■. ,a;'‘'';7i,72 ,... ,7r;c) = 0 

holds on 

'S'l^H = {("-i’ • ■ • ,iir) G N’' I Uj G kj + (p - 1)Z (1 < j < r)}. 
Since S[kj} is dense in Z^, we obtain (12.2311 in the case 71 = 1. 

Next we consider the case 71 G Z^ . We can easily check that if 71 G Z^ , 

Lp,r{{Sj)', {to ^)'i {'yj)'i c) 


(2.35) 
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= (a;'=0; (7,/7i); c), 

,l-/| 




= (71)-^^- 


-Sr, ,fclH- hkr 

UJ 


hi)Lp,\J\ (7j/7i)iej; c) 


M=1 


for J C {1,..., r} with 1 G J. Since we already proved (j2.23ll for the case { 7 j/ 7 i}J=i, we consequently 
obtain (12.231) for 71 G by multiplying both sides by 




Si- Srf ,fciH- \-k. 

Thus we obtain the proof of Theorem 12.151 


□ 


Remark 2.18. Note that each p-adic multiple L-function appearing on the right-hand side of (12.231) 
is of depth lower than r. The relation (12.231) reminds us of the parity result for MZVs which implies 
that the MZV whose depth and weight are of different parity can be expressed as a polynomial in 
MZVs of lower depth with Q-coeflicients. In fact, (12.351) shows that Lp^rii—nj)] ( 7 j);c) can be 
expressed as a polynomial in p-adic multiple L-values of lower depth than r at non-positive integers 
with Q-coefficients, when ni -|- • • • -I- ^ r (mod 2). This can be regarded as a p-adic version of the 

parity result for p-adic multiple L-values. By the density property, we obtain its continuous version, 
that is, the functional relation (12.231) . 

The following result corresponds to the case r = 1 in Theorem l2.15l 

Example 2.19. Setting r = 1 in (12.341) . we obtain from Definition 11.101 that 

= ^(ni; 1 ; c) — p"^®(ni; 1 ; c) = 0 

for TT-i G N such that ni ^ 1 (mod 2), namely ni -I- 1 is odd, due to (12.311) . Hence, if k is odd, then 
Lp{—ni]UJ^) = 0 for m G N such that m -|- 1 = fc (mod p — 1). This implies 

Lp{s,uj'") = 0 

when k is odd, the statement of Proposition 11.131 Thus, we can regard Theorem 12.151 as a multiple 
version of Proposition 11.131 


Next, we consider the case r = 2. 

Example 2.20. Let fc, 1 G No with 2 f (fc -I- Z), 71 G , 72 G pZp and c G Zp . Then, for si, S 2 G Zp, 
we obtain from (12.231) and (11.261) that 

ip. 2 (si, S 2 ; w'; 71 , 72 ; c) 

= ^(7i)“^^“*^^"+'(7i) ((c)i-^^-^=c.'=+'+i(c) - 1) Lpis, + S 2 ;a;'=+'+i). (2.36) 

Note that this functional relation in the case p > 2, c = 2 and 71 = 1 was already proved in [igbya 
different method. 


Remark 2.21. As we noted above, when fc -|- 1 is even, Lp(s; 


is the zero-function, so is the 


right-hand side of (12.361) . On the other hand, even if fc -|- Hs even, the left-hand side of (12.361) is not 
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necessarily the zero-function. In fact, it follows from (j2.9p that 

ip.2(-l, -1; W, w; 1,72; c) = — —Bh2 

for 72 € pZp, which does not vanish if 72 7 ^ 0, so ip, 2 ( 51 , S 2 ; w, w; 1, 72 ; c) is not the zero-function. As 
a result, Lp, 2 (si, S 2 ; w*; l, 72 ;c) seems to have more information than the Kubota-Leopoldt p-adic 

L-functions. 

Lastly, we consider the case r = 3. 

Example 2.22. Let ki,k 2 ,k 3 S Z with 2 | (fci -I- fc 2 -t ks), 71 G Z^ , 72,73 G pZp and c G Z^. Then 
for si, S 2 , S 3 G Zp, we obtain from (12.231) that 

ip.3 (s 1, S2, S3; ; 71,72,73; c) 

= ip, 2 (si,S 2 -b S 3 ; 71, 72 ; c)H -^ip, 2 (si -b S 2 , S 3 ; 71, 73 ; c) 

X - 1 ) Lp(si + S 2 + S 3 ;cu'=i+'=^+'=^+i). 

Note that from (|1.26p the third term on the right-hand side vanishes because Lp(s;a;^) is the zero 
function when k is odd. 

Using Theorem 12.151 and Examples 12.201 and 12.221 we can immediately obtain the following result 
by induction on r ^ 2 . 

Corollary 2.23. Let r G N 72 , /ci,..., fcr G Z with ki-\ - \-kr ^ r (mod 2), 71 G Zp, 72 , ■ • ■, 7r- G pZp 

and c G Z^ . Then 

Lp,r{si,..., Sr', uj ; 7i, ■ • ■, Ti" i c) 

ean be expressed as a polynomial in p-adic j-ple L-funetions for j G {1,2, ...,r — 1} satisfying j ^ r 
(mod 2 ), with Q-coefficients. 


3. Special values of p-ADic multiple L-functions at positive integers 

In the previous section, particularly in Theorem 12.11 we saw that the special values of our p- 
adic multiple L-functions at non-positive integers are expressed in terms of the twisted multiple 
Bernoulli numbers (Definition [TA]), which are the special values of the complex multiple zeta-functions 
of generalized Euler-Zagier-Lerch type at non-positive integers (cf. |lljL 

In this section, we will discuss their special values at positive integers. In the complex case, the 
special values of multiple zeta functions (the function (10.211 with all fj and 7 ^ are I) at positive integers 
are given by the special values of multiple poly logarithms at unity (cf. [H]). To consider the p-adic 
case, we will introduce specific p-adic functions in each subsection. 

Our main result is Theorem 13.411 where we will show a p-adic analogue of the equality (13.301) . The 
result generalizes Coleman’s work [7] . We will establish in Theorem 13.411 a close relationship of our 
p-adic multiple L-functions with the p-adic TMSPLs which are star-variants of generalizations of 

^ We remind that TMSPL stands for the twisted multiple star polylogarithm (see TO . 
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p-adic multiple polylogarithm introduced by the first-named author [siiin] and Yamashita [5S] for 
investigating the p-adic realization of certain motivic fundamental group. It is achieved by showing 
that the special values of p-adic multiple L-functions at positive integers are described by p-adic 
twisted multiple L-star values; the special values at unity of the p-adic TMSPLs iDefinition 13.291 see 
also [S1I2S]) constructed by Coleman’s p-adic iterated integration theory [7]. To relate p-adic multiple 
L-functions with p-adic TMSPLs, we shall introduce p-adic rigid TMSPLs (Definition 13.411 and their 
partial versions (Definition [XU]) as intermediate objects and investigate their several basic properties 
mainly in Subsections 13.11 and 13.21 


3.1. p-adic rigid twisted multiple star polylogarithms. In this subsection, we introduce p-adic 
rigid TMSPLs fPefinition 13.41) . and give a description of special values of p-adic multiple L-functions 
at positive integers via special values of p-adic rigid TMSPLs at roots of unity iTheorem 13.911 . which 
extends Coleman’s result (EH)- 

First, we briefly review the necessary basics of rigid analysis in our specific case. 


Notation 3.1 (cf. [51IH]). Let oi,..., a„ e Cp, di,..., (5„ £ Q>o, and Sq £ Q^o- The space 

X = {z £ P^(Cp) I |z - Oilp ^ Si (i = 1,... ,n), \z\p ^ l/(5o} (3.1) 


is equipped with the structure of an affinoid^ a special type of rigid analytic space. A rigid analytic 
function on A is a function f(z) on X which admits the convergent expansion 


n 

m '^0 i —1 m >0 


(z - 


with Cp-coefhcients. The expressions are unique (the Mittag-Lefller decompositions), which can be 
shown from, for example, [51 1.1.3]. We denote the algebra of rigid analytic functions on X by A’''s(A). 


Notation 3.2. For a in P^(Cp), we let a = red(a), where the reduction map red is defined as 

red : P^Cp) ^ P\¥p) (= Fp U {oo}) , 

where Fp is the algebraic closure of Fp. For a finite subset D C P^(Cp), we define D = ied{D) C 
P^(Fp). For Oo G P^(Fp), we define its tubular neighborhood ]ao[= red“^(ao). Namely, ]a[= {a; G 
P^(Cp) I |a; —a|p < 1} for a £ Cp, ]0[= HHcp and ]bo[= P^(Cp)\0cp. For a finite subset S C P^(Fp), we 
define ]S'[:= red“^(5') C P^(Cp). By abuse of notation, we denote A''‘s(P^(Cp)—J^l) by A"'‘8(P^ \ S). 


We recall two fundamental properties of rigid analytic functions: 


Proposition 3.3 ([5] Chapter 6], etc.). Let X be as in (13.111 . Then the following holds. 

(i) The coincidence principle: If two rigid analytic functions f{z) and g{z) coincide in a subajfinoid 
of X, then they coincide on the whole of X. 

(ii) The algebra A'''®(A) forms a Banach algebra with the supremum norm. 


The following function plays the main role in this subsection: 


Definition 3.4. Let ni,..., rip G N and Cii ■ • ■ > G Cp with |p ^ 1 (1 ^ j ^ r). The p-adic rigid 
TMSPL ■ • ■ ,f,r',z) is defined by the following p-adic power series: 










E 



(fei,p)=---=(fcp,p)=i 


(3.2) 
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which converges for z G] 0 [= {a: S Cp | |a;|p < 1 }, by the assumption |^j|p < 1 for 1 ^ j < r. 

It will be proved that it is rigid analytic fProposition 13 . 7|) and, furthermore, overconvergent (The- 
orem l3.221l . We remark that when r = 1, z) is equal to the p-adic polylogarithm £n\z) in [71 

p.l96]. The following integral expressions are generalizations of [71 Lemma 7.2]: 

Theorem 3.5. Let riu... ,nr G N, and - ■ ■ ,^r G Cp with |^j|p ^1 (1 ^ j ^ r). Define the finite 


subsets o/P^(Fp) by 

^ = (3.3) 

Then the p-adic rigid TMSPL ■ ■ ■ j^r', z) is extended to P^(Cp)—j^] as a function in z by 

the following p-adic integral expression: 

[ (a:i)“"^(xi + 3 : 2 )“"^ • • • (a:i H-h Xr)~'^'' ■ + X2)“"^ • • -coixi H-h Xr)~'^'' 

X • ■■dm^^fixr), (3.4) 

where = ^{xi,...,Xr) € Ip p \ xi,p \ {xi X 2 ), ■ ■ ■ ,p \ (xi -|-a:r)| (cf (11.231) ]. 

Proof. Since (x) • w(a:) = a: 7 ^ 0 for x € , the right-hand side of dH is 

-\-X2)~'^^ • • ■ (xi H- \- Xr)~'^"'dm^^...^^z{xi) ■ • -dm^^zixr) 


L 


pqi} 


E 


- \-lr 

SI S 2 ■ ’ ■ Sr 


^r(^l +^ 2 )"^ ■•■(^1 H Vlr) 

—■■■ —(^iH-h^r,p) —1 

1 1 1 
X 


ZiH- \-lr 


1 - (6 • • • ^rZ)P^ 1 - {^r-l^rZY 1 - (.frZ)P^ 
“ (say). 


(3.5) 


= lim 9n^,...,nM^,---,^r]z) 

M^oo ^ 


By direct calculation, it can be shown that it is equal to the right-hand side of dm when \z\p <1. □ 

As for gni,...,nr (Cii ■ ■ ■! ^r: z) defined in the above proof, we have 

Lemma 3.6. Fix ni,...,nr,M G N, and S Cp with |^j|p = 1 (^1 ^ j ^ r). Then for 

zq G pi(Cp)-]^F\ (Cr-i^r)“\ • ■ ■, (Cl • ■ •Cr-)“M) have 


and 


,M +1 


5ni.....n,.(Cl,---,Cr;2;o) G Oc^ 


(Cl,...,Cr;2:o) =5ni,...,nJCu---)Cr;2:o) (mod p ). 


Proof When zq G pi(Cp)-]Cr \ (Cr-iCr)“\ ■ ■ •, (Ci • ■ • Cr)“\ oo[, namely when zq G Ocp-jS”], it is 
clear that 5 “,...,„,(Ci, ■ • ■, Crl ^o) £ Oc^. In the definition of 5 (^+^.ri,.(Ci, ■ • ■, Cr-; 2 ), Ij (1 < j < r) 
belongs to the interval [0,p'^+^). Writing Ij = ]' -|- kp^ (0 < ]' < p^ and 1 < fc < p — 1), we have 


..M-l-l 


9ni ,...,nr (Cl 5 ■ ■ ■ ; Cr! Zq) — 


E 


^ir^i +^2 --^'C 


crc; 


•c 




i'r{i[ + V2Y----{i[ + --- + fiy 


^ Here, we ignore the multiplicity. 
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^ {1 + (Cl • • • ^r2;o)^ + (Cl ■ ■ ■ Cr-^o)^^ + • • • + (Cl ■ ■ ■ Cr^^o)^^ } 

X {1 + (C 2 • ■ • Cr^^o)^ + (C 2 • • • Cr-^^o)^^ + ■ • • + (C 2 • • ■ } 


X {1 + i^rZoY" + + • ' • + (Cr^o)^^-')^" } 

1 1 1 


1 - (Cl ■ • • 1 - (c.-ic.^)^"^^ 1 - i^rzy 

= ff^,....n,(Cl,---,Cr-;2:)- 


(mod p 


M\ 


When zo s]oo[, let e = ^ g] 0[. By direct calculation, 5'(l{,,,,_„,,(Ci) ■ • ■ j^r',zo) & Ocp- We then have 

^ g2---gr y? . . . ^?r-lCr 


£'(l^.....n,(Cl,---,Cr; 2 o) = J2 

(^liP) —■■■ —(^iH-h^nP) — 1 

1 1 
X 


Zr(^l+^ 2 )’^=---(^l+--- + ^r)’' 
1 


= (-ir 


^ ^ ^1 ~"^r 'jp^ ^ ^ Cr — ^ ^ 'jp^ 

( g \ v ^- U ( S \ v’^-h . . . ( e \ V ^( e \ v ’^- l ^ 


E 


0^/1 ,...,/r<P^ 

(*l>P) = --- = (*lH-hir,p) = l 

1 1 


Ip {h + hy ■ • ■ (/l + ■ • ■ + IrY 

1 


X 




= (-ir E 


0^il,...,Jr<p“ 

(^1 ?p) —■■■ —(^iH-h^r,p) —1 

1 1 


- ;i)"i(2p“ -h- hy ■ ■ ■ {rp^ -h - IrY 

1 


l-(t) 

_ -hrir 


E 

(h,p)=---=ihA -hir,p)=l 

1 1 




^rn^l + ^ 2 )’"= • • • (^1 + • • • + ^r-)^ 


i-(ra)" i-(ra)" i-(fr 


(mod p") 


9“....,n.(Cr 


= (-ir"^+-+”’'<,...,nJCri,..., C.-1; £)■ 


Therefore, by our previous argument, and by |^j|p = |p = 1, it follows that 

<+U.(Ci> ■ ■ • :Cr;^o) = (-i)’'+”^+-+”^<+U.(Cr'> • ■ • 

^ ^ ^ ^- 1 . ^ 3(^,....„,(Ci, •. •, C.; ^o) (mod py. 


□ 


Theorem ld.5l and Lemma Id.Ill imply the following: 

Proposition 3.7. Fix ni,...,nr S N and S Cp with |^j|p = 1 (^1 ^ j ^ r). By the 

integral formula (I3.4|l . the p-adic rigid TMSPL H-n}',*■■,nr{f.ii ■■■ ifp z) is a rigid analytic function on 
P^(Cp)—]S'[. Namely, 

iy :., yy ..., yz ) ey ^{ y \ s ). 
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Proof. Since the space P^(Cp)—]5'[ is an affinoid and the algebra A'''s(pi \ S) forms a Banach algebra 
with the supremum norm (cf. Notation Id.Ill , by Lemma Id.61 the rational functions 

( 6 ,. 5) 

uniformly converge to a rigid analytic function £{z) G A’''s(pi \ S) when M tends to oo, thanks to 
Proposition Id.dl It is easy to see that the restriction of i{z) to P^(Cp)—]5'[ coincides with (Id.51) . 
and hence, with > Crl z). Therefore, the analytic continuation of z) 

is given by £{z). □ 

From now on, we will employ the same symbol (Ci; • ■ • > ^r] z) to denote its analytic contin¬ 

uation. 

We note that, by (I3.5L 

Lemma 3.8. For ni,.. .,nr S N, and fi,... ,^r G Cp with |5j|p = 1 (1 Gi j ^r), we have 

Proof. By direct calculation, , Cr-; oo) = 0. The claim then follows because ■ ■ ■ ,f.r',z) 

is defined to be the limit of i Crl z). □ 

The special values of p-adic multiple L-functions at positive integer points are described in terms 
of the special values of p-adic rigid TMSPLs at roots of unity, as follows: 


Theorem 3.9. For ni,... ,nr GN and c G N>i with {c,p) = 1, 


Lp j.{jl\^ . . . , Tlr 


UJ 




;l,...,l;c) = 


E 

■■■, 5r-lCr5^1. 


P{P),* 


.(Cl 


,e.;l). (3.6) 


Proof. By the definition. 


Lpr (ui,... ^n.f^ UJ ,...,cu c) — 



(xi) '^^{xi+X 2 ) • (xi H- \- Xr) "" 

• a;(xi)“"^a;(a:i -I- X2)~”^ • • • uj{xi -I- • • • -I- Xr)~'^’'dmdxi) ■ ■ ■ dmc{xr), 


where me = X) <13.41) and 

?■= = ! 

(me)" = { E { E { E 

= l «2' = 1 «1'= = 1 

^ 2 #l 


«f=-=«?=i 

«l-«r5^1,....Cr-lCr5^1.Cr#l 


the formula follows. 


□ 


Remark 3.10. It is worth noting that the right-hand side of dUl) is p-adically continuous, not only 
with respect to ni,..., rie, but also with respect to c, by Theorem 11.241 

As a special case when r = 1 of Theorem 13.91 we recover Coleman’s formula in [TJ p.203], below, 


by Example 11.191 
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Example 3.11. For n G N>i and c G N>i with (c,p) = 1, 

(ci---l).L,(n;a.i-")= (3.7) 

When r = 2, we have: 

Example 3.12. For ni,n 2 G N and c G N>i with (c,p) = 1, 

ip.2(ni,n2;a;“”Sw“"^;l,l;c) = ^ ^ 2 ; !)• 

3.2. p-adic partial twisted multiple star polylogarithms. We will prove that p-adic rigid TM- 
SPLs (Definition 13. 4p are overconvergent in Theorem 13.211 In order to do so, p-adic partial TMSPLs 
will be introduced in Definition 13.161 and their properties will be investigated. 

First, we recall the notion of overconvergent functions and rigid cohomologies in our particular case 
(consult [ 1 ] for a general theory) 

Notation 3.13. Let S = {sq; • ■ ■; Sd} (all Si’s are distinct) be a finite subset of P^(Fp). Let 'si be a 
lift of Si- An overconvergent function on \ S' is a function belonging to the Cp-algebra 

At(pi \ S) := ind-lim A”S([/a), 

where U\ is the affinoid obtained by removing all closed discs of radius A around 'Si from P^(Cp), i.e. 

Ux:=P\Cp)\ U z-i ({a G Cp I |a|p < A}) (3.8) 

and Zi is a local parameter 

Zi :]si[^]0[. (3.9) 

(Note that the above Si is equal to z“^(0).) An overconvergent function on P^\S is, in short, a function 
which can be analytically extended to an affinoid which is bigger than P^(Cp)—]so: si, • ■ ■, Sd[- We 
note that the definition of the space of overconvergent functions does not depend on the choice of 
local parameter Zi. 

Denote by Cp[[x, y]] the ring of formal power series in x^y with Cp-coefficients. The following 
lemmas are quite useful: 

Lemma 3.14. Assume sq = 00 and take sq = 00. Then we have a description: 

( d 


At(pi \ S) cs fiz) = J2ariso; f)z^ + E E 

I r^O /—1 m>0 

lO'misi] f)\p 


GCp[[z,^^] 
(z-Si)™ ^^^’z-Sl' 


(3.10) 


A" 


0 (m —>• 00 ) for some 0 < A < 1 (0 ^ ( ^d) 


and 


\ S) == I f(z) = ^ 

I m >0 1=1 m >0 ^ 

\amisi]f)\p 0 (m -)• 00 ) /or 0 < ( < d >. 


(3.11) 
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Proof. They follow from the definitions (cf. Notation 13. II) . □ 

We note that 

\S') c 

The following is one of the most important properties of overconvergent functions. 

Lemma 3.15. Let f{z) € \ S). Under the assumption in Lemma \S.14\ there exists a unique 

(up to additive constant) solution F{z) G All(P^ \ S) of the differential equation 

dF{z) = f{z)dz 

if and only if the residues of the differential 1-form f{z)dz, i.e. ai(si; /) (1 Gi I ^ d) are all 0. 


Proof. When aifsi; f) {1 ^ I ^ d) are all 0, integrations of f{z) in (13.1011 are formally given by the 
following power series 


E 


<^r-l(go; /) 
r 


d 

EE 

1=1 m>0 


am+1 (^l 1 f) 


1 

(z-si)^ 


constant. 


By replacing the A by A' such that A < A' < 1, and using ordp(n) = 0(log n/logp), we then get 


|am+l(sd f)\ 


ml 


^ - --0 (m —>• oo), 

\/m ^ ’ 


whence F{z) belongs to A'1(P^ \ S). The ‘if’-part is obtained. The ‘only if’-part is easy. 


□ 


The lemma actually is a consequence of the fact that dimi/|(P^ \S) = d. 
The following function is the main object in this subsection: 


Definition 3.16. Let ni,...,nr € N and G Cp such that ^ 1 (1 ^ ^ r). Let 

ai, ... ,ar e N with 0 < aj < p (1 ^ j ^ r). Thep-adic partial TMSPL ■. -(.r', z) 

is defined by the following p-adic power series: 


/'=(«! 


jTlr 


(^1 : ■ ■ ■ T fr, z) 


E 

0 <A;i 



ki=0'i ,... ,kr=Ctr mod p 


(3.12) 


which converges for z S]0[. 


Similar to (13.51) . we have the following limit expression of them. 


Proposition 3.17. Let ni,...,nr G N, G Cp such that |^j|p ^ 1 (^1 < j ^ r), and 

ai,... ,ar G N such thatO < aj < p (1 ^ j ^ r). When z g]0[, the function ... ,fr',z) 

can be expressed as 


f={ai,...,ar),{p),* 

^ni,...,nr 


(Cl j ■ ■ ■ 1 frj z) 


lim 

M —¥00 


E 

0 ^Zl,...,/r<P^ 


^^l^^l“l ”^2 _ _ , -- 


llHh + ■ ■ ■ {h + ■ ■ ■ + 


li=a.i,li-\-l 2 =Oi 2 -,---di-\ - \-lr=Oir mod p 


1 1 1 
■ l-(Cl---C.^)^’“ ■ ■ ■ 1 - ifr-lirzy^ ■ 1 - ifrZ)P^ ' 
Proof. It can be proved by direct calculation. 


(3.13) 

□ 


It is worth noting that here the condition aj 0 (1 ^ j ^ r) is necessary to make the limit 
convergent. 
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Proposition 3.18. Let ni,...,nr £ N, G Cp such that |^j|p = 1 (^1 < j ^ r), and 

ai,...,ar € N such that 0 < aj < p (1 ^ j ^ r). Take S as in (13.31) . Then the function 
{£, 1 , ■ ■ ■, fr] z) Can be analytically extended to P^(Cp)—]5'[ as a rigid analytic function. 

Namely, 


Proof. The relation 

. . . , e.; ^) = 4 E > Pr^r-. z) (3.14) 

P P P T 

Pi -■ ”- Pi - 1 

holds on ]0[. Since ini’*..,nr{pi£i, ■ ■ ■, Pr£r] z) is rigid analytic on the above space by Proposition 13.71 
the function i£i,. ■ .,£r',z) can be extended there as a rigid analytic function. □ 


From now on, we will employ the same symbol ... ,£r] z) to denote its analytic 

continuation. 

The following formulas are necessary to prove our Theorem 13.211 


Lemma 3.19. Let ni,..., G N, ..., G Cp such that |^j|p = 1 (1 ^ j ^ r), and ai,... ,ar G N 
such that 0 < aj < p (I ^ j ^ r). 

(i) For Ur ^ 1, 

^ f=(ai,...,ar),{p),*(C, c . 'I _ G • rl 

'^ni,...,nr Vslt ■ • ■ 5 sr 7 ^'^ni,...,nr-i,71^. —1 vsl? • ■ • 5 Sp? ■ 


dz 

(ii) For Ur = 1 and r ^ 1, 


f^p={ai,...,ar)Ap),*(C, e . , 

^^^ni,...,nr ) • ■ • ; Sr-) ' 


; r ( Cr - z )°'~ \ =( ai ,..., ar - i ).( p),*rr c c • G 

l — {^rz)P ^ni,...,nr-i • • • 5 sr —25 sr —1? sr-^J 

if Oip ^ CXr — X^ 

1 —(^r- 2 )^ '^^i’-"’^^-i VSI 5 ■ • ■ 5 Sr—2 5 sr-l5 

if CXp CXp — . 


(iii) For = 1 and r = 1 with £i = £ and ai = a, 

d 


\Oi — l 


P=a,{p),*,c. \ _ £i£^y 

dz^^ ’ l-{£z)p' 


Proof. They can be proved by direct calculation. 
By Lemma [3^ and (I3.14L we remark that: 


□ 


Remark 3.20. For ni, ... ,nr G N, ...,G Cp such that |^j|p = 1 (1 ^ j ^ r) and oi,..., a,- G N 
such that 0 < Oj < p (1 ^ j ^ r), the following hold: 


(i) 




{£i,...,£r;o) = eTiZ:n; 




{£i,...,£r;oo) = 0. 


(ii) £ni,’...,nri£l, ■ ■ ■ ,£r',z) — X]o<ai,.. ..a^ <p 

Next, we discuss a new property of 


= (ai,...,ar),(p),* 


{£i,...,£r;z). 




Theorem 3.21. Let m,... ,nr & N, £i,... ,£r € Cp such that |^j|p = 1 (1 ^ j ^ r), and ai,..., G 
N such that 0<aj<p(l^j^ r). Take S as in (13.3F The function {£i, ■ ■ ■ ,£r',z) 

is an overconvergent function on P^ \ S. Namely, 

^ ^) G At (pl \ 5). 
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Proof. It is achieved by induction on the weight ni + • ■ • + 

(i) Assume that the weight is equal to 1, i.e. r = 1 and ni = 1. By changing variable to 

w{z) = we see that \ is identified with \ {oo}. By direct calculation, it can be 

checked that as a function in w, belongs to A'I'(P^ \ {bo}). 0 Hence, by Lemma Hi. 151 

there exists a unique (modulo constant) function F{w) in Al(P^ \ {bb}) such that 

^ ^ 

dw 1 — (■fz)P dw 

Therefore, there exists a unique function F{z) in Al(P^ \ {^“^}) such that 

f(0)=0 and ® = 

^ ^ dz 1- {^z)P 

By Proposition [XU] and Lemma 15. 191 fiiil. z) is the unique function in A'''s(P^ \ {^“^}) 

satisfying the above properties, and F(z)|pi^ja )-] 5 -^[ A''‘S(P^ \ {C“^})- Thus, we have 

^(^)lpi(Cp)-]pT[ —-^1 (C;^)- 

By the coincidence principle of rigid analytic functions, we deduce that z) can be uniquely 

extended to a rigid analytic space bigger than P^(Cp)—]^“^[ by F{z) £ Al(P^ \ {C“^})- 

(ii) Assume that Ur ^ 1. We let 

Soc = S U {bb} and <5'oo,o = S' U {bb} U {0}, 
and take a lift {^, s},..., s)i} of Soo, 0 j with 

So = oo and s) = 0 . 

For a finite subset S of P^(Fp), let Hbi(pi \ S) be the space of overconvergent differential 1-forms 
there, i.e. \ S) = Atd(pi \ S)dz. 

By the assumption 

• • •,e.-i,C.; e d4t(pi \ ,s), 

and by \ {bb, 0 }), we have 

, dz 
z 

Let 


• •. , 5 .- 1 ,^.; ^ \ Soo.o). 


/(z) := ,^r-i,C.; ^) e At(pi \ 5oo.o). 


(3.15) 


Since , Cr; z) belongs to A”s(pi \ 5 ') A" 8 (pi \Soc,,o)) by Proposition l3.18l 

and it satisfies the differential equation in Lemma [3.191 fil. i.e. its differential is equal to /(z), we 
have, in particular, that 

am{si;f)=0 (m > 0) (3.16) 

(recall that ^ = 0 ) and 

ai(sz;/) = 0 (2^1<d), (3.17) 

by (13.1011 and (13.1111 . 

By (13.1511 and (13.1611 . 

/(z) e At(pi\5oo). 


^We note that it also follows from the fact that it is a rational function on w whose poles are all of the form w = . ^ ^ 

(,p — 1 

with (p £ /J,p. 
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By (13.171) and Lemma 15.151 there exists a unique function F{z) in A'I'(P^ \ ^oo), he. a function 
F{z) which is rigid analytic on an afhnoid V of 

p'(Cp)-]5oo[ = PHCp)-]od,s[ 

such that 

F(0) = 0 and dF{z) = f{z)dz. (3.18) 

Since is the unique function in \ S) satisfying (13.181) . the re¬ 
strictions of both F{z) and i^i, ■ ■ ■ ,Cr',z) to the subspace P^(Cp)—]S'oo[ must coincide, 

i.e. 

F{z) 




^ni ,...,nr—1 ,nr 


Pi(Cp)-]S„o[ 


Pl(Cp)-]Scx,[ 

Hence by the coincidence principle of rigid analytic functions, there is a rigid analytic function G{z) 
on the union of V and P^(Cp)—(S') whose restriction to V is equal to F{z) and whose restriction to 
P^(Cp)-]S'[ is equal to C/,. •., z). Therefore, 


can be rigid analytically extended to a bigger rigid analytic space by G(z), namely, 

■■■,^r;z)e Ht(pi \ S). 

(iii) Assume that = 1 (r ^ 2), and let 

Biz) •= ^ if Or > ar- 1 , 

By the assumption 

■ . .,^r-2,&-i;^rZ) £ \ {1^, ■ ■ ■ , (Cl ' ' ' "H), 

and by j3{z)dz £ nbi(pi 'y {oo, we have 

■ ■.^r-2.S,r-l-.£,rZ) • P{z)dz £ Htd(pl \ S^). 

Let 

f{z) := ■ • ■ ,?.- 2 ,Cr-i;C.z) • /3(z) £ At(pi \ s^). 

Then it follows from the same arguments as in (ii) that 

£ At(pi \5). 


□ 


We saw, in ProDOsition l3.7l that ■ ■ ■ ,^r',z) is a rigid analytic function: £ni’*..,nri^i, ■ ■ ■ ,^r',z) £ 

A"'ig(pi \ S). But, in fact, we can say more: 


Theorem 3.22. Let ni,... ,nr £ N, and ^i,...,^^ £ Cp such that |p = 1 (1 ^ j ^ r). Take S as 
in ( 1331 ). Then the function ■ ■ ■ ,f,r\z) is an overconvergent function on P^ \ S: 
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Proof. By Theorem 13.211 we have 

Then by Remark [3.201 (ii), we have . ..,fr',z) G \ S), since A'I'(P^ \ S) forms an 

algebra. □ 

Example 3.23. In particular, when r = 1, we have 

£W’*(l;z)Gklt(pi\{T}). 

In fact, in [71 Proposition 6.2], Coleman showed that 
with X = € P^(Cp) I \z — l|p > p~ |. 

Remark 3.24. In [TUI Definition 2.13], the first-named author introduced the overconvergent p-adic 
MPL The relationship between and £n}'*..,nr(.£.i, ■ ■ ■ z) is still under 

investigation. 

3.3. p-adic twisted multiple star polylogarithms. In [9] [26], p-adic TMSPLs iDefinition 13.291) 
were introduced as multiple generalizations of Coleman’s p-adic polylogarithms [7], and the p-adic 
multiple L-values are defined as their special values at 1. The aim of this subsection is to clarify 
the relationship between p-adic rigid TMSPLs (Definition 13.411 and p-adic TMSPLs in Theorem 13.351 
and to establish the relationship between special values at positive integers of our p-adic multiple 
L-functions (see Definition I1.16|l and the p-adic twisted multiple L-star values, the special values of 
p-adic TMSPLs at I, in Theorem 13.401 Theorem 13.351 extends the previous result (13.311) of Coleman 
in the depth 1 case, shown in [J. 

First we recall Coleman’s p-adic iterated integration theory [7] for our particular case. For other 
nice expositions of his theory, see [21 Section 5], [51 Subsection 2.2.1] and [U] Subsection 2.1]. The 
integration here is different from the integration using a certain p-adic measure which is explained in 
Subsection o 

Notation 3.25. Fix w G Cp. The p-adic logarithm log™ associated to the branch vj is defined to be 
the locally analytic group homomorphism —>■ Cp with the usual Taylor expansion for the logarithm 

on ]T[= 1-1- 9JIcp- It is uniquely characterized by log™(p) = w because Cp ~ p® x poo x (1 -|- IXHcp)- 
We call this w € Cp the branch parameter of the p-adic logarithm. 

Let S = {so, ■ • ■, Sd} (all Si are distinct) be a finite subset of P^(Fp). Define 

AZ,{P^\S):= n ^To^iUix)), D-(P'\5):= J] 

a;epi(Fp) xepqfp) 






1 ^lim A"s(]a;[ (~iC/a) 

log™(zj) 


(if X ^ S), 

(if a; = Si (0 ^ z ^ d)). 




(if X ^ S'), 

{^))dzi (ifa; = Sj (0 < z < d)). 


where 
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Here, U\ is the same affinoid as in (13.81) . Zi is a local parameter as in (ED) and Zx is a local parameter 
of ]x[. We note that \o^{zi) is a locally analytic function defined on ]sj[—2:“^(0), whose differential 
is and it is transcendental over DUa^, and 

OO 

^lhn_-4"s(]si[nC/A) = ^ a„z" (a„ e Cp) converging on A < \zi\p < 1 for some 0 < A < 1 

n— — QO 

(see m- We remark that these definitions of A^^{U{x)) and HJ^g([/(x)) are independent of any choice 
of local parameters modulo standard isomorphisms. By taking a component-wise derivative, we obtain 
a Cp-linear map d : \ 5') —5> \ S). We may regard Hf(P^ \ S) and r 2 bi(pi \ S) in 

Notation 13.131 to be subspaces of \ S) and \ 5'), respectively. 

By a result of Coleman [7], we have an Hf(P^ \ 5')-subalgebra 

^Col(P' \ 

of \ S), which we call the ring of Coleman functions attached to a branch parameter w S Cp, 

and a Cp-linear map 

/ -.AZ^fV^XS) ® /Cp.l 

At(pi\S) / 

satisfying d (pi\s) ° /(ro) ~ j(pi\s) 0 nt.i(pi\s), which we call the p-adic (Coleman) integra¬ 
tion attached to a branch parameter zu € Cp. We often drop the subscript (zu). 

Since AZ^^fP^ \ S') is a subspace of A^^fP^ \ S), each element / of AZ^^fP^ \ can be seen as 
a map f : U ^ Cp hy f\un]x[ & ^^g{Ux) for each residue ]x[, where U is an affinoid bigger than 
P^(Cp)—]S[. This is how we regard / as a function. 

Here we recall two important properties of Coleman functions: 


Proposition 3.26 (The Branch Independency Principle El Proposition 2.3]). For zz7i,zx72 € Cp, 
define the isomorphisms 

ix.,,x.,:AZliP^\S)^AZliP^\S) and \ S) ^ \ S) 

which are obtained by replacing each log^^( 0 sj by \og^^{zs.) for 1 ^i ^d. Then 

>^x.,,x.Mcoi(P^\S)) = AZ^JP^\S), 

\ ® \ S)) = AZ^JP^ \ S) 0 flt,i(pi \ 5), 

and 

.ZD', O / — / 


./(roi) ■J {tz-P} 

Namely the following diagram is commutative: 


't 37 l,t 372 mod Cp * 1. 


H“i(pi\S) O »t,i(pi \ 5-) . AZ(iiP^ \ S) ( 8 > Ht’i(pi\S) 

At(pi\S) At(pi\S) 


/(t37i) 

^Si(P' \ ^) / Cp • 1 


C^ 2 ) 


/Cp-1. 


Proposition 3.27 (The Coincidence Principle [71 Chapter IV]). Let zxj G Cp, and let f G Hg^j(P^ \ 
S). Suppose that f\u = 0 for an admissible open subset U ofP^{Cp), that is, U is of the form 
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{z G P^(Cp) I \z — ai\p > 5i (i = 1,..., n), \z\p < l/^o} for some ai,..., G Cp and 6i,... ,Sn G 
Q>o and 6o G Q^o (cf Then / = 0. 


It follows from this proposition that a locally constant Coleman function is globally constant. 


Notation 3.28. Fix a branch vu € Cp and let w G Ap , (P^ \ S) 0 \ S). Then 

At(pi\S) 

by Coleman’s integration theory, there exists a unique (modulo constant) Coleman function Fip G 
^Coi(P^ \ f oj = Fip (modulo constant). For x,y g]P^ \ S'[, we define 

rv 


/ uj-.= F^{y) 


F^{x). 


It is clear that /J w does not depend on the choice of (although it may depend on the choice of a 
branch vj G Cp). If both Fip{x) and Fip{y) is well-defined when x or y belongs to JFq), we also denote 
Fuj (y) — Fip {x) by /J w- By letting x be fixed and y vary, we may regard w as the Coleman function 
which is characterized by dF^p = uj and F^{x) = 0. We note that 

if ^ I — f L'CTi,Tn2(^)- (3.19) 

yd(roi),a; J J(Tn2),x 


We will apply Coleman’s theory to the function defined below, which is the main object in this 
subsection. 


Definition 3.29. Let ni,... ,nr G N, and ^i,... G Cp such that |5j|p ^ 1 (1 ^ j ^ r). Thep-adic 
TMSPL is defined by the following p-adic power series: 




.(Cl; ■ ■ ■ : fr, z) 


E 

i<- 



(3.20) 


which converges for z G]0[. 


Remark 3.30. 

(i) We note that when r = 1 and C = !> z) is equal to Coleman’s p-adic polylogarithm 

£n(z) in [71 p. 195]. 

(ii) The p-adic multiple polylogarithm ■ ■ ■ ,l;z) which is a non-star version of (13.201) 

with = • • • = = 1, was investigated by the first-named author in m- It is easy 

to see that Lfn^p.*.,n^(l, ■ ■ ■, 1; -z) is written as a linear combination of such p-adic multiple 
poly logarithms. 

(iii) Yamashita [55] treats a non-star version of (13.201) with the case when all £,j are roots of unity, 
whose orders are prime to p. 


The following can be proved by direct calculation. 


Lemma 3.31. Let m,... G N, and ^i, ...,^^ G Cp such that l^^jp <1 (1 ^ j ^ r). 




1 r -(P).* 
ir tAp),* 


l(Cli ■ ■ ■ jfr', z) 

(^11 • ■ • I fr-2: ■Z^) 


if nr 1 , 
if nr = 1. 


The definition, below, is suggested by the differential equations, above. 
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Theorem-Definition 3.32. Fix a branch of the p-adic logarithm by w € Cp. Let ni ,... ,nr S N, 
^ 1 ,..., G Cp such that |p ^ 1 ^ j ^ r), and let 

Sr := C Pl(Fp). 

Then we have the Coleman function attached to w G Cp 

e ^Col(P' \ 

which is constructed by the following iterated integrals: 



--log (1-6--)-/ 


(3.21) 


■■j^riZ) ^ ^ i- /- .i\ irdt 

(Jo ^'^ni,...,nr-i ■ I ?i—2, ?!—l?r, Ij 

if nr ^ 1 , 
if Ur = 1. 

(3.22) 


Proof. It is achieved by the induction on the weight w := ni + ■ ■ ■ + Ur- 

When w = 1, the integration starting from 0 is well-defined because the differential form 
has no pole at t = 0. Hence, we have (I3.21I1 . 

When w > 1 and > 1, the induction assumption implies that , Cr; 0) is equal 

to 0 because it is an integration from 0 to 0. So ... ,^r',t) has a zero of order at least 1, 

so the integrand of the right-hand side of (13.221) has no pole at t = 0. The integration p.22l) starting 
from 0 is well-defined. The case when nr = 1 can be proved in a similar (or an easier) way. □ 

Remark 3.33. It is easy to see that ^ ir', z) = Lin}’*..,nr{^i, ■ ■ ■ z) when \z\p < 1 for 

all branches vj G Cp. Thus, the Coleman function Tf (^i, ...,^r]z) G \ Sr) is defined 

on an afhnoid bigger than P^(Cp)—]S'r \ { 0 }[. 

Proposition 3.34. Fix a branch w G Cp. Let ni, .. .,nr G N, and ^i,.. . G Cp such that |^j|p ^ 1 
^ j ^ t)- Then the restriction of the p-adic TMSPL ) Cr) .z) to P^(Cp)—]S'r \ {0}[ 

does not depend on w. 

Proof. It is achieved by the induction on the weight w := ni -\ -h n^. Take 2 ; G P^(Cp)—]5'r \ {0}[. 

When w = 1, it is easy to see that Li^^'^’*’^z) = — log^(l — f,iz) is independent of the choice 
of the branch w G Cp. 

Consider the case when w > 1 and > 1. Due to the existence of a pole of ^ at t = 0, the 
integration (13.221) might have a “log-term” on its restriction to ]0[. However, it is easy to see that the 
restriction of ... ,^r',t) to ] 0 [ has no log-term, because it is given by the series expansion 

(I3.2()|) by Remark 13.331 By the induction assumption, the restriction of to 

P^(Cp)—]5'r.\{0}[ is independent of any choiceof the branch CC 7 G Cp. Therefore, 
has no log-term and does not depend on any choice of the branch. 

The above proof also works for the case when w > 1 and nr = 1. The branch independency then 
follows since two poles of are outside of the region P^(Cp)—]S'r \ { 0 }[. □ 

The p-adic rigid TMSPL ■ ■ ■,^r',z) in Subsection 13. II is described by the p-adic TMSPL 

...,f,r;z) as follows: 
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Theorem 3.35. Fix a branch zu G Cp. Let ni, ... ,nr G N, and . . ,^r G Cp such that |^j|p = 1 
^ j The equality 

= 4 E E (3.23) 

^ 0<ai,...,a^<pp!> = ...=pP = l 

holds for z G Pi(Cp)-]5r \ {0}[. 

Proof. By the power series expansion (13.121) and (13.201) . and Reinark r3.20l fii'). it is easy to see that the 
equality holds on ]0[. By Theoreni l3.221 the left-hand side belongs to kl't'(P^ \ Sr) (C Ag'Qj(P^ \ Sr)), 
and by Theorem-Definition 13.321 the right-hand side belongs to \ Sr). Therefore, by the 

coincidence principle ('Proposition I3.27() . the equality actually holds on P^(Cp)—]S'r \ {0}[, on an 
afhnoid bigger than the space. □ 

The following is a reformulation of the equation in Theorem 13.351 


Theorem 3.36. Fix a branch zu G Cp. Let ni,... ,nr G N, and G Cp such that |^j|p = 1 

^ j ^ I')- The equality 


= (-4' E E ••• E 

d—l ^ ^ l^ii<---<id^T nV —1 pV 1—1 


(3.24) 


holds for z G P^(Cp)—]S'r \ {0}[, where 5ij is the Kronecker delta. 


Proof. It follows by direct calculation: 




E 

{ki,p)=... = {kr,p) = l 




= E ^h-^Ep^ It 


^<k\^---^kr I 2=1 




d=l ^ -^2 i^q<...<irf^rpf =1 pP =1 1=1 


□ 


Example 3.37. In the case when r = 1 and = 1, (13.241) gives 

z) = ^) - I E ^)- 


pP = l 


Combining this with the distribution relation (cf. [7]) 


i^L*(f)-*(,7;z) = 4iz(f)-*(l;z’-) 


I)6Pr 

for r ^ 1, we recover Coleman’s formula 


z) = z) - 

pn 


(3.25) 


shown in [3 Section VI]. 
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We define the p-adic twisted multiple L-star values as the special values of the p-adic TMSPLs at 
unity, under a certain condition, below. 

Theorem-Definition 3.38. Fix a branch w G Cp. Let ni,...,nr G N, pi,...,pr G Pp and 
5i,... G Pc with {c,p) = 1. Assume that 

(3.26) 

Then the speeial value of 

(3.27) 

at z = 1 is well-defined. Furthermore, it is independent of the choice of the branch w G Cp, and it 
belongs to Qp(pcp)- We call this value the p-adic twisted multiple L-star value, and denote it by 

(3-28) 

Proof. By the assumption (I3.26|l . 

1 GPi(Cp)-]5c\{0}[. 

Hence the special value of (13.2711 at z = 1 is well-defined by Remark [3.331 
The branch independency of the special value follows from Proposition 13.341 
The points 0 and 1, and all of the differential 1-forms j%|\, ■ • ■) defined 

over Qp(pcp)- Then by the Galois equivalency stated in [H Remark 2.3], the special value of (13.271) 
for z G Qp(/icp) is invariant under the action of the absolute Galois group Gal(Qp/Qp(pcp)) if we take 
m G Qpipcp)- Since we have shown that the special values at z = 1 are independent of the choice of 
vj, the value (13.281) must belong to Qp(pcp)- Gl 

Remark 3.39. 

(i) The p-adic multiple zeta values were introduced as the special values at z = 1 of p-adic MPL 

„,.(!,..., 1; z), the non-star version of the function (13.271) with all pi = 1 and ■Ci = 1 
(thus it is not the case of (13.261) 1 and their basic properties are investigated by the first-named 
author in [S]. 

(ii) The p-adic multiple L-values introduced by Yamashita [5^ are special values at z = 1 of 

the non-star version of the function (13.271) with all pi = 1 and 7 ^ (1, !)■ Unver’s [24] 

cyclotomic p-adic multi-zeta values might be closely related to Yamashita’s values. 

By Theorem [nm and Theorem l3.351 we have the following theorem. A very nice point, here, is that 
our assumption (I3.26|) appeared as the condition of the summation in equation (13.6|) . 

Theorem 3.40. For ni,... ,nr G N, and c G N>i with {c,p) = 1, 

Lpj.{ri\,..., TZc , CO ,..., uj ,l,...,l,c) — 

P 0<ai,...,a,.<PpP = ...=pP = l = = 1 

The above theorem can be reformulated as the following, which is comparable to Theorem 12.II 
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Theorem 3.41. For ni,... ,ni. € N and c € N>i with {c,p) = 1, 


Lp r (^1 ; • ■ • ; 10 ,..., cu , 1,..., 1, c) 

= V • • • V A. 

= 1 = 1 6 ^r+l 


ntiACi. 


+E “ E E-E (3.29) 

d=l ^ ^^ ...^i „P —1 „P —1 P = = l Pc = l M + I 


l<ii<'"<id^ppf =1 pf =1CJ = 1 {P = l 

6#1 «r#l 


where we set ^^+1 = 1- 


Proof. This follows from Theorem l3.9l and Theorem l3.36l □ 

Thus the positive integer values of the p-adic multiple L-function are described as linear combina¬ 
tions of the special values of the p-adic TMSPL (13.271) at roots of unity. This might be regarded as a 
p-adic analogue of the equality: 

Cr ipi 1 ■ • ■ ; ) — .^^ni,...,n7.(l; ■ • ■ ; 1) (3.30) 

for ni,... ,nr G N with > 1. 

As a special case of Theorem 13.401 we have the following, when r = 1: 


Example 3.42. For n G N and c G N>i with (c,p) = 1, we have 

^ 0<a<p pP = l {c = l 

by Example 11.191 This formula and (13.25|) recover Coleman’s equation [3 (4)] 

Lp(n;..i-") = (l-^)LzW-*(l). (3.31) 

When r = 2, we have: 


Example 3.43. For a, 6 G N and c G N>i with (c,p) = 1, 
Lp, 2 (a,&;w““,w“^l,l;c) 


0<a,/3<p Pi,P 26 Pp {i,C 26 Pc 

^l^2#1.^2541 


= E Ei«(|,&j-;E E E|^4r(f.«^ 

Cl#l 52^1 ?l/l ?2/l 


1 


Av),* (P^^ 


1 


E E EA 

p?=i p|=i ?j=i 

4l#l ? 2#1 


(p).* ( Pljl 
6 


UP 26 ■ 




In our subsequent paper m. it is shown that Theorem 13.411 can be generalized for indices (rij) 
that are not necessarily all positive integers. 
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